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EMBEDDED CONTACT HOMOLOGY AND OPEN BOOK
DECOMPOSITIONS
VINCENT COLIN, PAOLO GHIGGINI, AND KO HONDA
ABSTRACT. Given a closed oriented contact 3-manifoldM , we prove an equiv-
alence between the embedded contact homology ofM and a version of embed-
ded contact homology “relative to the boundary”, defined on the complement of
a tubular neighborhood of a null-homologous knot. This paper can be viewed
as the first of a series of papers devoted to proving the isomorphism between
Heegaard Floer homology and embedded contact homology.
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1. INTRODUCTION
LetM be a closed, oriented, connected 3-manifold andN ⊂M the complement
of a tubular neighborhood of a null-homologous knot. The goal of this paper is to
associate a specific class of contact forms α to N , to introduce relative embedded
contact homology groups ECH(N, ∂N,α) and ÊCH(N, ∂N,α), and to prove
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their isomorphism with the embedded contact homology groups ECH(M) and
ÊCH(M).
The embedded contact homology group ECH(M) of a closed 3-manifold M ,
due to Hutchings [Hu] partially in collaboration with Taubes [HT1, HT2], is de-
fined using a contact form α onM and an adapted almost complex structure J on
the symplectization R ×M . The variant ÊCH(M), called ECH hat, is defined
as the mapping cone of a U -map (see Section 2.5). There is currently no direct
proof of the fact that these groups are invariants of M ; the only known proof,
due to Taubes [T1, T2], is a consequence of the isomorphism between Seiberg-
Witten Floer cohomology and embedded contact homology, combined with the
invariance of Seiberg-Witten Floer cohomology established by Kronheimer and
Mrowka [KrM].
Embedded contact homology groups can be defined over the integers follow-
ing [BM] or [HT2, Section 9]. All results in this article hold over the integers
as explained in Proposition 4.5.5 and Remark 9.9.5, but we will write detailed
proofs only over the field F = Z/2Z for simplicity. Given a compact 3-manifold
N with ∂N ≃ T 2, let α be a contact form on N which is nondegenerate on
int(N) and negative Morse-Bott on ∂N (see Definition 4.1.1). In particular, the
Reeb orbits on ∂N act as sinks for J-holomorphic curves in R ×N , i.e., no non-
trivial J-holomorphic curve in R × N can have a positive end at an orbit in ∂N .
Then there exist relative embedded contact homology groups ECH(N, ∂N,α)
and ÊCH(N, ∂N,α), whose definitions will be given in Section 7. Moreover
there is a chain map U on the complex defining ECH(N, ∂N,α), and the homol-
ogy of the cone of U is isomorphic to ÊCH(N, ∂N,α).
The embedded contact homology group of a contact manifold (M, ξ) has a natu-
ral decomposition as a direct sum of groups ECH(M, ξ,A) indexed by homology
classes1 A ∈ H1(M). This decomposition depends on the contact structure ξ,
although very weakly. For this reason we always specify ξ together with the ho-
mology class A.
Similarly, the groups ECH(N, ∂N,α) and ÊCH(N, ∂N,α) decompose as di-
rect sums of groups ECH(N, ∂N,α,A) and ÊCH(N, ∂N,α,A) indexed by rel-
ative homology classes A ∈ H1(N, ∂N). The maps U in both ECH(M, ξ) and
ECH(N, ∂N,α) preserve the splitting according to homology classes. Taking
into account the fact that K is null-homologous, excision and the relative homol-
ogy long exact sequence give an isomorphism ̟ : H1(N, ∂N)
≃−→ H1(M), and
the equivalence between ECH and relative ECH is compatible with the correspond-
ing decompositions.
The main result of this paper is the following:
Theorem 1.1.1. LetN ⊂M be the complement of a tubular neighborhood int(V )
of a null-homologous knot K , where V ≃ K ×D2, ξ a contact form on M which
is transverse to the foliation K × {∗} on V and α a contact form on N for the
1Singular homology groups should always be understood over the integers if no coefficient group
is explicitly indicated.
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contact structure ξ|N . If the Reeb vector fieldRα of α is nondegenerate on int(N),
negative Morse-Bott on ∂N , foliates ∂N by meridians and all closed Reeb orbits
in N have nonnegative linking number with K , then for all A ∈ H1(N, ∂N ;Z),
(1) ECH(N, ∂N,α,A) ≃ ECH(M, ξ,̟(A)) and
(2) ÊCH(N, ∂N,α,A) ≃ ÊCH(M, ξ,̟(A)).
Moreover, the first isomorphism is compatible with the U -maps on both sides.
The prototypical situation to which Theorem 1.1.1 applies is the case of an open
book decomposition with connected binding. In this case N is the mapping torus
of a surface diffeomorphism h : S
≃→ S and V = M − int(N) is a tubular
neighborhood of the binding. In other words, Theorem 1.1.1 allows us to rewrite
the embedded contact homology groups of M in terms of the relative embedded
contact homology groups on the complement of the binding. We remark here that
Yau [Y] and Wendl [We, We2] have examined related issues in their work.
Theorem 1.1.1, applied to the open book case, is the first step in the proof of the
equivalence of embedded contact homology and Heegaard Floer homology, a Floer
homology theory for three-manifolds defined by Ozsva´th and Szabo´ [OSz1, OSz2].
Once we express the embedded contact homology ofM purely in terms ofN using
Theorem 1.1.1, it is easier to define chain maps to and from the hat version of Hee-
gaard Floer homology. In fact, the Giroux correspondence [Gi2] — the bijection
between open book decompositions up to positive stabilization and isotopy classes
of contact structures — provides a bridge between the contact forms used in the
definition of ECH and the Heegaard splittings used in the definition of Heegaard
Floer homology. We remark that the proof of the equivalence between Heegaard
Floer homology and ECH is independent of the hard part of the Giroux correspon-
dence (i.e., the stabilization equivalence of two open book decompositions which
support the same contact structure). The rest of the proof of the equivalence has
been carried out in [CGH2, CGH3, CGH4]; see [CGH1] for an overview of the
strategy.
Remark 1.1.2. An alternate proof of the equivalence of Heegaard Floer and em-
bedded contact homologies, passing through Seiberg-Witten Floer homology, has
been given by Kutluhan, Lee and Taubes (see [KLT1]–[KLT5]).
In Section 10 we present some independent applications of the techniques de-
veloped here to the embedded contact homology for sutured manifolds defined
in [CGHH]. More precisely, we prove that ECH of a sutured manifold is invariant
of the contact form and the almost complex structure (Theorem 10.2.2) and we fin-
ish the proof of [CGHH, Theorem 1.6] by showing that ÊCH(M), defined as the
homology of the cone of the U -map, is isomorphic to the sutured ECH of the com-
plement of a ball inM (Theorem 10.3.1). Theorem 10.2.2 has been independently
proved by Kutluhan and Sivek in [KS].
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Organization of the paper. Section 2 gives a brief review of ECH; in particu-
lar we define the groups ECH(M) and ÊCH(M). We review some technical-
ities involving direct limits in Section 3 and some Morse-Bott theory in the con-
text of ECH in Section 4. In Section 5 we discuss topological constraints of J-
holomorphic curves arising from the positivity of intersections in dimension four.
In Section 6 we construct contact forms onD2×S1 and T 2× [1, 2] which are used
later. Section 7 is devoted to the definitions of certain ECH groups for compact
manifolds with torus boundary and in particular the variants ECH(N, ∂N,α) and
ÊCH(N, ∂N,α) which appear in Theorem 1.1.1. In Section 8 we calculate some
ECH groups of solid tori which are used in the proof of Theorem 1.1.1. Section 9
then completes the proof of Theorem 1.1.1. Finally, Section 10 relates some of
the versions of ECH defined in Section 7 to some sutured ECH groups defined in
[CGHH].
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2. REVIEW OF EMBEDDED CONTACT HOMOLOGY
In this paper all manifolds will be oriented and connected, unless stated other-
wise.
In this section we briefly review the basic definitions of embedded contact ho-
mology (from now on abbreviated ECH). For more details the reader is referred to
[Hu, Hu2] or to [Hu3]. To avoid orienting the moduli spaces, we will work over
F = Z/2Z.
2.1. Generators of the ECH chain complex. Let M be a closed, oriented and
connected 3-manifold with a contact form α. We will denote by ξ = kerα the
contact structure with contact form α. The Reeb vector field R = Rα is nondegen-
erate if no Reeb orbit2 has 1 as eigenvalue of its linearized first return map. This
is a generic condition which can achieved by a generic C∞-small perturbation of
the contact form; see for example [CH2, Lemma 7.1]. For the rest of the section
we will assume that α is nondegenerate. The linearization of the first return map
along a Reeb orbit is a symplectic transformation of the symplectic plane (ξ, dα).
2In this paper we interchangeably use: “Reeb orbit”, “closed orbit”, and “closed Reeb orbit”. A
Reeb orbit which is not necessarily closed will be called a “Reeb trajectory”.
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This implies that its eigenvalues are {λ, λ−1}, where λ is either real or in the unit
circle. Then a Reeb orbit is:
• hyperbolic if the eigenvalues of its linearized first return map are real; or
• elliptic if they lie on the unit circle.
This conditions are mutually exclusive because every orbit is assumed to be non-
degenerate.
Let P be the set of simple orbits of the Reeb vector field Rα. The ECH chain
complex3 ECC(M,α), as a vector space, is generated over F by finite sets γ =
{(γi,mi)}, called orbit sets, where:
• γi ∈ P and γi 6= γj for i 6= j;
• mi is a positive integer; and
• if γi is a hyperbolic orbit, thenmi = 1.
We will say that ECC(M,α) is constructed from P. An orbit set γ will also be
written multiplicatively as
∏
γmii , with the convention that γ
2
i = 0 whenever γi is
hyperbolic. The empty orbit set ∅ will be written multiplicatively as 1.
The homology class of an orbit set γ is
[γ] =
∑
i
mi[γi] ∈ H1(M).
If we want to specify the direct summand generated by orbit sets of class A ∈
H1(M), then we write ECC(M,α,A).
The action Aα(γi) of an orbit γi is given by
∫
γi
α, and the action of an orbit set
γ is given by
Aα(γ) =
∑
i
miAα(γi).
2.2. Moduli spaces. We choose an almost complex structure J on R ×M , with
R-coordinate s, which is adapted to the symplectization of α (or adapted to α), i.e.,
(i) J is s-invariant;
(ii) J takes ξ to itself on each {s} × Y ;
(iii) J maps ∂s to Rα;
(iv) J |ξ is dα- compatible, i.e., dα(·, J ·) defines an Euclidean metric on ξ.
Let γ = {(γi,mi)} and γ′ = {(γ′i,m′i)} be orbit sets with [γ] = [γ′] ∈ H1(M).
The set of holomorphic maps
u : (F, j)→ (R ×M,J),
modulo holomorphic reparametrizations, which satisfy:
(1) (F, j) is a closed Riemann surface with a finite number of punctures re-
moved;
(2) the neighborhoods of the punctures are mapped asymptotically to cylinders
over Reeb orbits;
3The ECH differential depends on the choice of an adapted almost complex structure J (cf. Sec-
tion 2.2), but the generators only depend on α. Hence we suppress J from the notation for the
moment.
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(3) at the positive end ofR×M , u is asymptotic toR×γi with total multiplicity
mi for each pair (γi,mi) (more precisely, if we list the positive ends of u
that are asymptotic to some multiple cover of R × γi and the covering
degrees aremi1, . . . ,miji , thenmi = mi1 + · · · +miji); and
(4) at the negative end of R ×M , u is asymptotic to R × γ′i with total multi-
plicity m′i for each pair (γ
′
i,m
′
i);
will be denoted byMJ(γ, γ′). We often refer to an element u ofMJ(γ, γ′) as a
J-holomorphic map (or curve) from γ to γ′. We stress the fact that, according to
our definition, the genus, the number of connected components, and the number of
punctures of F are not fixed a priori. If ∗ is a property of J-holomorphic curves, we
will denote byM∗J(γ, γ′) the subset ofMJ(γ, γ′) satisfying ∗. We can similarly
define the “pointed” moduli spaceMJ (γ, γ′; pt) as the set of holomorphic maps
u : (F, j, p)→ (R×M,J),
modulo holomorphic reparametrizations, where p ∈ F .
Definition 2.2.1. We say that J is regular if, for all orbit sets γ, γ′ and u ∈
MJ(γ, γ′)which have no multiply-covered components,MJ(γ, γ′) is transversely
cut out near u (i.e., the linearized ∂-operator Du at u from [Dr, Proposition 2.10]
is surjective).
Regular adapted almost complex structures form the complement of a first cate-
gory set (and therefore are dense) in the space of smooth adapted almost complex
structures with respect to the C∞ topology by a result of Dragnev [Dr]. If no
component of u is multiply-covered and all components of u are transversely cut
out, then in a neighborhood of u the moduli space MJ(γ, γ′) has the structure
of a finite-dimensional manifold of dimension ind(u), where the Fredholm index
ind(u) is the formal dimension of the moduli spaces computed as in the next para-
graph; see [Dr, Corollary 1]. Our convention throughout the paper will be that the
Fredholm index takes into account the dimensions of the Deligne-Mumford mod-
uli space and the automorphism group of the domain of the map. In particular,
ind(u) = ind(Du) − 3χ(F ), where ind(Du) is the Fredholm index of the lin-
earized Cauchy-Riemann operator at u, and χ(F ) is the Euler characteristic of the
domain of u.
A J-holomorphic map u : F → R×M from γ = {(γi,mi)} to γ′ = {(γ′i,m′i)}
determines partitions {mij} ofmi and {m′ij} ofm′i such that u is positively asymp-
totic tomij-fold covers γ
mij
i of the simple Reeb orbits γi and negatively asymptotic
to m′ij-fold covers (γ
′
i)
m′ij of the simple Reeb orbits γ′i. Let τ be a trivialization
of ξ along each orbit in the orbit sets γ, γ′, let µτ (δ) denote the Conley-Zehnder
index of a cover δ of an orbit in γ or γ′ with respect to τ , and let c1(u
∗ξ, τ) denote
the relative first Chern class of u∗ξ with respect to τ . Then the Fredholm index
ind(u) is given by the formula
(2.2.1) ind(u) = −χ(F ) + 2c1(u∗ξ, τ) +
∑
ij
µτ (γ
mij
i )−
∑
ij
µτ ((γ
′
i)
m′ij ).
(See the formula in [Dr, Theorem 1.8].)
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2.3. The ECH index. The index which appears in the definition of ECH is not the
Fredholm index, but the ECH index, which is more topological in nature. In this
subsection we will review its definition.
Let γ = {(γi,mi)} and γ′ = {(γ′i,m′i)} be orbit sets. We denote byH2(M,γ, γ′)
the relative homology classes of surfaces Z ∈ H2(M, (
⋃
i γi)∪(
⋃
i′ γi′)) such that
∂Z =
∑
mi[γi]−
∑
m′i[γ
′
i], where
∂ : H2(M, (
⋃
i
γi) ∪ (
⋃
i′
γi′))→ H1((
⋃
i
γi) ∪ (
⋃
i′
γi′))
is the connecting homomorphism of the relative homology exact sequence. By
abuse of notation, Z will also denote an embedded surface with boundary which
represents that homology class. We pick a trivialization τ of ξ along each orbit in
the orbit sets γ, γ′ and define c1(ξ|Z , τ) as the first Chern class of ξ evaluated on
Z , relative to the trivialization τ on ∂Z .
If γ = {(γi,mi)}ki=1 is an orbit set, then we define the “symmetric” Conley-
Zehnder index (so called because of its motivation from studying symplectomor-
phisms of a symmetric product of a surface) as follows:
(2.3.1) µ˜τ (γ) =
k∑
i=1
mi∑
j=1
µτ (γ
j
i ),
where γji is the orbit which multiply covers γi with multiplicity j.
We define the relative intersection pairing Qτ (Z) as follows: Using the trivial-
ization τ , for each simple orbit γi of γ or γ
′, fix an identification of a sufficiently
small neighborhood N(γi) of γi with γi × D2, where D2 has polar coordinates
(r, θ). Let Σ be an oriented embedded surface and f : Σ→ [−1, 1]×M a smooth
map which satisfies the following:
(1) f maps ∂Σ to {−1, 1} ×M , f |int(Σ) is an embedding, and f is transverse
to {−1, 1} ×M .
(2) For all ε > 0 sufficiently small, f(Σ) ∩ ({1 − ε} ×M) consists of mi
disjoint circles of type {r = ε, θ = const} inN(γi) for all i (and similarly
for f(Σ) ∩ ({−1 + ε} ×M)).
(3) The composition of f with the projection [−1, 1]×M →M is a represen-
tative of the class Z ∈ H2(M,γ, γ′).
We then choose twomaps f1, f2 satisfying (1)–(3) above, such that they are disjoint
on {−1 + ε, 1 − ε} ×M and transverse on [−1 + ε, 1 − ε] ×M . Then Qτ (Z) is
the signed intersection number of f1 and f2 in [−1 + ε, 1− ε]×M .
We are now in a position to define the ECH index.
Definition 2.3.1 ([Hu, Definition 1.5]). The ECH index I(γ, γ′, Z) is given by:
(2.3.2) I(γ, γ′, Z) = c1(ξ|Z , τ) +Qτ (Z) + µ˜τ (γ)− µ˜τ (γ′).
The ECH index depends only on the relative homology class Z ∈ H2(M,γ, γ′)
and not on a particular surface representing it. Moreover the ECH index is inde-
pendent also of the choice of trivialization. If Z ′ ∈ H2(M,γ, γ′) is another relative
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homology class, then ([Hu3])
I(γ, γ′, Z ′)− I(γ, γ′, Z) = 〈Z ′ − Z, c1(ξ) + PD(
∑
i
mi[γi])〉,
where
∑
imi[γi] is the total homology class of γ inH1(M) and PD is the Poincare´
duality map.
Remark 2.3.2. A finite energy holomorphic map u with asymptotics γ and γ′ de-
fines a relative homology class Z ∈ H2(M,γ, γ′). Hence we can write I(u) =
I(γ, γ′, Z).
The ECH index and the Fredholm index satisfy the following index inequality,
which is one of the basic tools of ECH.
Theorem 2.3.3 ([Hu2, Theorem 4.15]). If u is simply-covered, then ind(u) ≤
I(u).
2.4. The ECH differential. In this subsection we define the differential ∂ for the
ECH chain complex, after recalling some properties of J-holomorphic maps with
small ECH index. In the following we will say that a map u : F → R ×M is the
“disjoint union” of maps ui : Fi → R×M (with 1 ≤ i ≤ k) if F = F1 ⊔ . . .⊔Fk
and the images are pairwise disjoint. Here each Fi can still be disconnected. A
trivial cylinder over a (not necessarily simple) orbit γ with period T is the J-
holomorphic map u : R × S2 → R ×M , u(s, t) = (Ts, γ(T t)). By abuse of
notation, we will always denote the trivial cylinder over γ by R× γ.
Lemma 2.4.1 ([HT1, Proposition 7.15]). Let J be a regular almost complex struc-
ture adapted to α. Then:
(1) A J-holomorphic map u with I(u) = 0 is a disjoint union of branched
covers of trivial cylinders over simple Reeb orbits. (Such curves are called
connectors.)
(2) A J-holomorphic map u with I(u) = 1 (resp. 2) from γ to γ′ is a disjoint
union of a connector and an embedding u′ with I(u′) = ind(u′) = 1 (resp.
2).
In this paper a “branched cover” will always refer to a “branched cover with
possibly empty branch locus”.
The ends of a J-holomorphic map u from γ to γ′ determine partitions of the
multiplicities of the elliptic orbits. It turns out that, when I(u) = 1 or I(u) = 2,
these partitions must coincide with preferred partitions called the outgoing and
incoming partitions for positive and negative ends, respectively. The incoming and
outgoing partitions can be computed from the dynamics of the linearized Reeb
flow. For their definition see [Hu, Section 4.1] or [Hu2, Definition 4.14]. For the
relation between these partitions and the ECH index see [Hu2, Theorem 4.15], for
example. In this article we will not need the precise definition of the incoming or
the outgoing partition, except for the following fact, which follows directly from
[Hu2, Definition 4.14].
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Fact 2.4.2. Let γ be a simple elliptic orbit and suppose that its linearized Reeb flow
rotates by an angle 2πθ. If 0 < θ < 1m , then the incoming partition of (γ,m) is
(m) and the outgoing partition is (1, . . . , 1). On the other hand, if − 1m < θ < 0,
then the incoming partition of (γ,m) is (1, . . . , 1) and the outgoing partition is
(m).
The boundary operator in the ECH chain complex is defined by a count of J-
holomorphic maps with index I = 1 for a regular almost complex structure J . In
order to make the dependence on J explicit we write the complex asECC(M,α, J).
However, when J is clear from the context, it will be dropped from the notation.
Definition 2.4.3. Let J be a regular almost complex structure adapted to α. Then
the boundary map ∂ : ECC(M,α, J)→ ECC(M,α, J) is defined as:
∂γ =
∑
γ′
〈∂γ, γ′〉 γ′,
where 〈∂γ, γ′〉 is the (mod 2) count of curves u ∈ MI=1J (γ, γ′)/R such that every
connector component of u is a trivial cylinder over a simple orbit.
The map ∂ was shown to satisfy ∂2 = 0 by Hutchings and Taubes [HT1, HT2].
The homology of the chain complex (ECC(M,α, J), ∂) is the embedded contact
homology group ECH(M,α, J). It is independent of the choice of contact form
α, the contact structure ξ, and adapted almost complex structure J , by the work of
Taubes [T2]. Hence we are justified in writing ECH(M).
2.5. Definition of ÊCH(M). In this section we define a map U : ECH(M) →
ECH(M) and a variant ÊCH(M) of ECH(M), called the ECH hat group in
analogy with well-known constructions in Heegaard Floer homology. An a priori
different group, also called ÊCH(M), was defined in [CGHH] using sutured ECH
(in analogy with the sutured Floer homology of Juha´sz [Ju]). In Section 10 we will
prove that the two approaches yield isomorphic groups.
Definition 2.5.1. Let J be a regular almost complex structure and z ∈ R ×M a
generic point so that the evaluation map
ev :MI=2J (γ, γ′; pt)→ R×M, (u, p) 7→ u(p)
is transverse to z. We define the map U : ECC(M,α, J)→ ECC(M,α, J) as:
Uγ =
∑
γ′
〈Uγ, γ′〉 γ′,
where 〈Uγ, γ′〉 is the (mod 2) count of holomorphic maps u ∈MI=2J (γ, γ′) which
pass through the point z and such that every connector component of u is a trivial
cylinder over a simple Reeb orbit.
The same techniques used to show that ∂2 = 0 also show that U is a chain map;
see [HT5, Section 2.5] for more details on the U -map. Then ÊCH(M,α, J) is
defined as the homology of the mapping cone of U .
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3. COBORDISM MAPS AND DIRECT LIMITS
In this section we review the work of Hutchings and Taubes [HT3] on maps on
ECH induced by exact symplectic cobordisms, which in turn makes it possible to
define continuation maps and take direct limits in ECH.
3.1. Maps induced by cobordisms. Given a contact 3-manifold (M,α) with α
nondegenerate, let ECCL(M,α) be the subcomplex of ECC(M,α) generated
by orbit sets γ of action Aα(γ) < L, and ECHL(M,α) be the resulting homol-
ogy group. Given L < L′, the inclusion of chain complexes ECCL(M,α) ⊂
ECCL
′
(M,α) induces a map
iL,L′ : ECH
L(M,α)→ ECHL′(M,α)
on the level of homology. The following is an immediate consequence of the defi-
nition of a direct limit:
ECH(M,α) = lim
L→∞
ECHL(M,α).
Let (M1, α1) and (M2, α2) be contact 3-manifolds. An exact symplectic cobor-
dism (X,ω) from4 (M1, α1) to (M2, α2) is an exact symplectic manifold with
boundary ∂X = M1 −M2 and symplectic form ω = dα, where α restricts to
α1 onM1 and α2 onM2.
Given an exact symplectic cobordism (X,ω), we form its completion (Xˆ, ωˆ) by
attaching the half positive symplectization of (M1, α1) along M1 ⊂ ∂X and the
half negative symplectization of (M2, α2) alongM2 ⊂ ∂X.
Definition 3.1.1. Let (Xˆ, ωˆ) be the completed symplectic cobordism with an al-
most complex structure J which is compatible with ωˆ and is adapted to α1 and α2
at the positive and negative ends. Then the image of an embedding
φ : (R × U, d(esα0), J0) →֒ (Xˆ, ωˆ, J)
is called a product region if φ∗(d(e
sα0)) = ωˆ, φ∗J0 = J , J0 is adapted to α0 and,
at the ends of R × U , φ(s, x) = (s + Ci, φi(x)), i = 1, 2, for some embedding
φi : U →Mi and constant Ci.
The main technical result of [HT4] is the following (the first item in (i) is a slight
improvement due to Cristofaro-Gardiner [Cr, Theorem 5.1]):
Theorem 3.1.2 (Hutchings-Taubes [HT4, Theorem 1.9]). Let (M1, α1) and (M2, α2)
be contact 3-manifolds and let (X,ω) be an exact symplectic cobordism from
(M1, α1) to (M2, α2). Suppose the contact forms α1, α2 are nondegenerate. Then
for each positive real number L there exists a map:
ΦL(X,ω) : ECHL(M1, α1)→ ECHL(M2, α2).
Moreover, the following are satisfied:
4This is the convention from symplectic field theory [EGH] and is opposite from the one used in
Heegaard Floer homology, for example.
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(i) Let J be a regular almost complex structure on Xˆ which is ωˆ-compatible
and is adapted to αi at the positive and negative ends. Then Φ
L(X,ω) is
induced from a (noncanonical) chain map
ΦˆL(X,ω, J) : ECCL(M1, α1, J |M1)→ ECCL(M2, α2, J |M2),
which is supported on the J-holomorphic curves, i.e.,
• 〈ΦˆL(X,ω, J)(γ), γ′〉 = 0 if there is no I = 0 J-holomorphic building
from γ to γ′ in Xˆ .
• If the only J-holomorphic building in Xˆ from γ to γ′ is a union
of covers of product cylinders contained in a product region, then
〈ΦˆL(X,ω, J)(γ), γ′〉 = 1.
(ii) The map ΦL(X,ω) only depends on L and (X,ω), and not on any auxil-
iary almost complex structure J on (Xˆ, ωˆ). Moreover it depends on ω only
through its homotopy class as an exact symplectic form.
(iii) If L < L′, then the following diagram commutes:
(3.1.1)
ECHL(M1, α1)
ΦL(X,ω)
✲ ECHL(M2, α2)
ECHL
′
(M1, α1)
iL,L′
❄
ΦL
′
(X,ω)
✲ ECHL
′
(M2, α2)
iL,L′
❄
Hence the maps pass to the direct limit:
Φ(X,ω) : ECH(M1, α1)→ ECH(M2, α2).
(iv) Suppose (X,ω) is the composition of exact symplectic cobordisms (X1, ω1)
from (M1, α1) to (M
′, α′) and (X2, ω2) from (M
′, α′) to (M2, α2), and α
′
is nondegenerate. Then
ΦL(X,ω) = ΦL(X2, ω2) ◦ ΦL(X1, ω1).
(v) If c > 0, then the following diagram commutes:
(3.1.2)
ECHL(M1, α1)
ΦL(X,ω)
✲ ECHL(M2, α2)
ECHcL(M1, cα1)
s
❄
ΦcL(X,cω)
✲ ECHcL(M2, cα2),
s
❄
where s is the canonical rescaling isomorphism.
(vi) If X = [0, a] ×M and ω = d(esα) where α is nondegenerate, then
ΦL(X,ω) : ECHL(M,eaα)→ ECHL(M,α)
is equal to the composition
ECHL(M,eaα)
s−→ ECHe−aL(M,α) ie−aL,L−−−−−→ ECHL(M,α).
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Remark 3.1.3. The map involved in this result is borrowed from Seiberg-Witten
theory via Taubes’ isomorphism, where one counts solutions of the perturbed Seiberg-
Witten equations on the cobordism. As we take a perturbation parameter r to be
large, these solutions concentrate near a holomorphic building. It is however not
known yet how to reconstruct the count of solutions from just knowing the limit
holomorphic building. This explains why there is no direct definition of cobordism
maps by a count of holomorphic buildings and also why there is no direct proof of
invariance for ECH.
Definition 3.1.4. A contact form α is called L-nondegenerate if all Reeb orbits of
action less than L are nondegenerate and there is no orbit set of action exactly L.
The action-truncated ECH groups ECHL(M,α)make sense for contact forms
α which are L-nondegenerate and Theorem 3.1.2(i), (ii), and (iv) hold for L-
nondegenerate contact forms.
All exact cobordisms considered in this paper will be of the following type:
Definition 3.1.5. An interpolating cobordism from (M,α1) to (M,α0) is an exact
symplectic cobordism ([0, 1] ×M,λ) from α1 to α0 such that λ is of the form
λ = Φ∗(fα),
where α is the pullback to [0, 1] × M of a 1-form (also called α) on M , f :
[0, 1]×M → R is a positive function with ∂f∂t > 0, andΦ : [0, 1]×M
∼→ [0, 1]×M
is a diffeomorphism taking {i} ×M to itself for i = 0, 1.
In this article, interpolating cobordisms are all constructed as follows: Let α0,
α1 be isotopic contact forms on M and let {φt : M ∼→ M}t∈[0,1] be an isotopy
such that:
• φ∗t (ftα0) = αt for all t ∈ [0, 1];
• {ft} and {αt} are 1-parameter families of functions and 1-forms on M ;
and
• φ0 = id, and f0 = 1.
Then define Φ : [0, 1]×M → [0, 1]×M by Φ(t,x) = φt(x), f : [0, 1]×M → R
by f(t,x) = ft(x) and λφ := Φ
∗(fα0). If
∂ft
∂t > 0, then
([0, 1] ×M,λφ)
is an interpolating cobordism. Interpolating cobordisms do not necessarily exist
between any two isotopic α0 and α1, but one can always construct them at the
small price of scaling one of the two forms by a constant.
Lemma 3.1.6. Let ([0, 1] ×M,λφ) and ([0, 1] ×M,λ′φ) be interpolating cobor-
disms from (M,α1) to (M,α0) defined by contact isotopies φ and φ
′ respectively.
If the isotopies {φt} and {φ′t} are homotopic relative to the endpoints, then λφ and
λ′φ are homotopic as exact symplectic forms.
Proof. Define Φ(t,x) = φt(x) and Φ
′(t,x) = φ′t(x). Without loss of generality
we can write λ0 := λφ = Φ
∗(fα) and λ1 := λ
′
φ = (Φ
′)∗(f ′α) with the same form
α in both definitions. Let {Φs} be a homotopy between Φ and Φ′ such that:
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• Φ0 = Φ and Φ1 = Φ′;
• Φs(0,x) = x and Φs(1,x) = φ1(x) = φ′1(x) for all s ∈ [0, 1].
Also define Fs(t,x) = (1− s)f(t,x) + sf ′(t,x). Then
λs = Φ
∗
s(Fsα)
is a homotopy of exact symplectic forms because
∂Fs
∂t
> 0 for all s ∈ [0, 1]. 
Lemma 3.1.7. Let α be a contact form, L, L′ > 0 real numbers, φt : M → M ,
t ∈ [0, 1], an isotopy such that φ0 = id, and f , f ′ : M → R+ smooth functions
such that Lf ′ < L′f . If fα and f ′α are L- and L′-nondegenerate, respectively,
then there is a map
ECHL(M,φ∗1(fα))→ ECHL
′
(M,f ′α).
Moreover, this map depends only on the homotopy class of {φt} relative to the
endpoints and has the following properties:
(a) if f = f ′ and φt ≡ id, t ∈ [0, 1], then the map is induced by the inclusion
of chain complexes, and
(b) if L′′ > 0, f ′′ : M → R+ is another function such that L′f ′′ < L′′f ′, and
φt : M → M , t ∈ [1, 2], is an extension of the isotopy, then the following
triangle commutes:
ECHL(M,φ∗2(fα))
//
))❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚
ECHL
′′
(M,f ′′α).
ECHL
′
(M,φ∗1(f
′α))
55❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥
Proof. The inequality Lf ′ < L′f implies that there is an interpolating cobordism
with L′φ∗1(fα) at the positive end and Lf
′α at the negative end. We define the map
ECHL(M,φ∗1(fα))→ ECHL
′
(M,f ′α) by the composition
ECHL(M,φ∗1(fα))
// ECHL
′L(M,L′φ∗1(fα))

ECHL
′L(M,Lf ′α) // ECHL
′
(M,f ′α),
where the map ECHL
′L(M,L′fα) → ECHL′L(M,Lf ′α) is the map induced
by an interpolating cobordism from L′φ∗1(fα) to Lf
′α and the horizontal maps are
rescaling isomorphisms. The resulting map depends only on the homotopy class of
{φt} relative to the endpoints by Lemma 3.1.6. The properties of these maps are
an immediate consequence of Theorem 3.1.2. 
3.2. Direct limits. One consequence of Theorem 3.1.2 is the following theorem,
whose statement and proof were communicated to the authors by Michael Hutch-
ings:
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Theorem 3.2.1 (Hutchings-Taubes). Let M be a closed oriented 3-manifold with
a nondegenerate contact form α and let {fi}∞i=1 be a sequence of smooth positive
functions such that 1 ≥ f1 ≥ f2 ≥ . . . and fiα is Li-nondegenerate for an
increasing sequence of positive real numbers Li such that lim
i→∞
Li = +∞. Then
there is a canonical isomorphism
ECH(M,α) ≃ lim
i→∞
ECHLi(M,fiα).
Proof. We have a map
f : ECH(M,α)→ lim
i→∞
ECHLi(M,fiα),
obtained by taking the direct limit of the cobordism maps
ECHLi(M,α)→ ECHLi(M,fiα).
Choose an increasing sequence of natural numbers ci such that Lcifi > Li. Then
there are maps
ECHLi(M,fiα)→ ECHLci (M,α)
by Lemma 3.1.7. These maps form a directed system, and taking the direct limit
we obtain a map
g : lim
i→∞
ECHLi(M,fiα)→ ECH(M,α).
The verification that the maps f and g are inverse of each other is a straightforward
application of Lemma 3.1.6. 
We can now quantify when it makes sense to take direct limits of a sequence of
contact forms αi for isotopic contact structures. In this case we can write φ
∗
i (αi) =
fiα for some positive function fi and diffeomorphism φi isotopic to the identity.
Definition 3.2.2. Let α be a contact form on M . A sequence {αi}∞i=1 of contact
forms on M is commensurate to α if there is a constant 0 < c < 1, diffeomor-
phisms φi of M isotopic to the identity, and functions fi : M → R>0 such that
φ∗iαi = fiα and c < |fi|C0 < 1c .
A corollary of Theorem 3.2.1 is the following:
Corollary 3.2.3. Let {αi} be a sequence of contact 1-forms on M which is com-
mensurate to α on M with constant 0 < c < 1. If Li → ∞ is a sequence which
satisfies Li+1 >
1
c3Li for all i, then the groups ECH
Li(M,αi) form a directed
system with the maps defined in Lemma 3.1.7 and we have:
ECH(M) = lim
i→∞
ECHLi(M,αi).
Proof. Define L′i = c
2iLi and gi = c
2ifi. Then lim
i→∞
L′i = +∞ and 1 > g1 >
. . . > gi > . . ., so we can apply Theorem 3.2.1 to the sequences L
′
i and gi. 
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4. MORSE-BOTT THEORY
In this section we discuss a special case of Morse-Bott theory as it applies to
our context. In particular, we explain how to use Theorem 3.2.1 to justify the
Morse-Bott arguments which populate this paper. For a more detailed discussion
of Morse-Bott theory in contact homology, the reader is referred to Bourgeois [Bo1,
Bo2].
4.1. Morse-Bott contact forms. Let α be a Morse-Bott contact form on M . For
the purposes of this paper, this means that all the orbits either are isolated and non-
degenerate, or come in S1-families and are nondegenerate in the normal direction.
(In general, there is also the case where the Reeb orbits come in two-dimensional
families, i.e., are the fibers of a circle bundle; however this will not occur here.)
We denote a Morse-Bott family of simple orbits by N and the Morse-Bott torus
corresponding to N by TN = ∪x∈Nx.
Let {v1, v2} be an oriented basis for ξ at some point p ∈ TN so that v1 is
transverse to TN and v2 is tangent to TN . The derivative of the first return map
ξp → ξp of the Reeb flow is given by the matrix
(
1 0
a 1
)
with respect to the basis
{v1, v2}. (Here a vector v = a1v1 + a2v2 is written as a column vector.) The
Morse-Bott condition implies that a 6= 0.
Definition 4.1.1. TN is called a positive Morse-Bott torus if a > 0 and a negative
Morse-Bott torus if a < 0.
Let us identify a small neighborhood of a Morse-Bott torus TN with T
2×[−1, 1]
with coordinates (θ, t, y) so that the Reeb vector field is ∂t along TN = {y = 0}.
For a positive Morse-Bott torus the Reeb vector field rotates in a counterclockwise
manner as y goes from 1 to −1 (i.e., in the same direction as a positive contact
structure), while for a negative Morse-Bott torus it rotates in a clockwise manner.
On each N ≃ S1, we pick a Morse function gN : N → R with two critical
points. As explained in [Bo2, Section 2.2], after perturbing α using these functions,
each Morse-Bott family gives rise to an elliptic orbit e and a hyperbolic orbit h.
More precisely, fix a real constant L > 0 such that no Reeb orbit of α has
α-action equal to L and let N1, . . . ,Nn be the Morse-Bott families consisting of
simple orbits with α-action less than L. Then we choose a smooth function g :
M → R such that:
(P1) g is supported in disjoint neighborhoods of TN1 ∪ · · · ∪ TNn ;
(P2) the support of g is disjoint from all nondegenerate Reeb orbits of α-action
less than L;
(P3) on a sufficiently small neighborhood T 2 × [−1, 1] of TNi , g(θ, t, y) =
φ(y)gNi(θ);
(P4) φ : [−1, 1] → [0, 1] is an even bump function with support [−12 , 12 ] and
maximum 1 at y = 0.
For ǫ > 0 small, we set fǫ = 1 + ǫg and perturb αǫ = fǫα.
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Proposition 4.1.2 ([Bo2, Section 2.2]). Let α be a Morse-Bott contact form. For
every L > 0 we can choose g : M → R satisfying Conditions (P1)–(P4) above
such that, for ǫ > 0 small:
(1) αǫ is L-nondegenerate;
(2) each Ni is perturbed into a pair of nondegenerate Reeb orbits ei and hi of
αǫ-action less than L;
(3) all multiples eki and h
k
i of αǫ-action less than L have Conley-Zehnder in-
dices 1 and 0 if Ni is positive and −1 and 0 if Ni is negative; and
(4) all other orbits which are created have αǫ-action greater than L.
Here the Conley-Zehnder indices are computed with respect to the trivialization τ
induced from Ni.
Let P ′ be the set of simple nondegenerate orbits of Rα and let PMB = P ′ ∪
(∪iNi) be the set of all simple Reeb orbits of Rα, where Ni denotes a Morse-Bott
family of simple orbits. An orbit set γ for the Morse-Bott contact form α is an orbit
set constructed from P = P ′ ∪ (∪i{hi, ei}), where hi is treated as a hyperbolic
orbit (in particular its multiplicity cannot be greater than one) and ei is treated as
an elliptic orbit.
4.2. Morse-Bott buildings. Let J be an almost complex structure on R × M
which is adapted to the Morse-Bott contact form α. Although the notation is a
bit cumbersome, consider the moduli space
MJ(γ+1 , . . . , γ+i1 ;N+1 , . . . ,N+i2 ; γ−1 , . . . , γ−i3 ;N−1 , . . . ,N−i4 ),
abbreviated MJ(γ+,N+, γ−,N−), of J-holomorphic maps u in R ×M which
have positive ends at orbits γ+1 , . . . , γ
+
i1
, γ˜+1 , . . . , γ˜
+
i2
and negative ends at orbits
γ−1 , . . . , γ
−
i3
, γ˜−1 , . . . , γ˜
−
i4
, where γ±i covers a simple orbit in P ′ with multiplicity
l±i ≥ 1 and γ˜±i covers a simple orbit in the Morse-Bott familyN±i with multiplicity
k±i ≥ 1.
We say that J is Morse-Bott regular if, for all data γ+,N+, γ−,N− and u ∈
MJ(γ+,N+, γ−,N−) which have no multiply-covered components, the moduli
spaceMJ(γ+,N+, γ−,N−) is transversely cut out (and hence is a manifold) near
u. Such J are dense by a result of Bourgeois [Bo2].
We now give the definition of a Morse-Bott building. See [BEHWZ, Section
11.2] for a similar definition.
Definition 4.2.1. Let γ and γ′ be orbit sets constructed from P. A Morse-Bott
building u˜ consists of a set {ui : Fi → R×M, i = 1, . . . , n} of holomorphic maps
with possibly disconnected domains Fi and a set {δi,j , i = 0, . . . , n, j = 1, . . . , ji}
of gradient flow lines in ∪kNk such that the following hold:
(a) For i = 1, . . . , n − 1, the negative ends E−i,j of ui are paired with positive
ends E+i+1,j′ of ui+1. Paired ends (E−i,j , E+i+1,j′) are asymptotic to ki,j-fold
covers of simple orbits (γ−i,j , γ
+
i+1,j′) in the same Morse-Bott family and
δi,j is a gradient flow line from γ
−
i,j to γ
+
i+1,j′ . (Here δi,j can be viewed as
a ki,j-fold unbranched cover of a cylinder connecting γ
−
i,j to γ
+
i+1,j′ .)
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(b) Positive ends E+1,j of u1 and negative ends E−n,j of un which are asymp-
totic to Reeb orbits in ∪kNk are augmented by gradient flow lines δ0,j and
δn,j connecting the orbit from/to a critical point of the appropriate Morse
function gNk determined by γ or γ
′.
(c) A nondegenerate orbit is considered as a Morse-Bott family consisting of
a single point and in this case the gradient flow line has length zero.
Given two orbit sets γ and γ′ constructed from P, the set of Morse-Bott buildings
u˜ from γ to γ′ will be denoted byMMBJ (γ, γ′).
The collection of maps ui will be called the holomorphic part of the building.
The restriction of any map ui to a connected component of its domain will be called
an irreducible holomorphic component of u˜.
Definition 4.2.2. A Morse-Bott building u˜ from γ to γ′ is simply-covered if every
multiply-covered irreducible holomorphic component of u˜ is either:
(i) a branched cover of a trivial cylinder over a simple orbit in P; or
(ii) an unbranched cover of a trivial cylinder over a simple orbit in PMB − P.
Note that this definition allows connectors over the orbits e and h of every
Morse-Bott torus, but not connectors over any other Morse-Bott orbit, which would
necessarily break a gradient flow line. This second type of connectors would make
gluing more complicated.
4.3. ECH and Fredholm indices. In this subsection we define the ECH and Fred-
holm indices of a Morse-Bott building.
Definition 4.3.1. The ECH index I(γ, γ′, Z) in the Morse-Bott setting is defined,
as in the nondegenerate case, as
I(γ, γ′, Z) = c1(ξ|Z , τ) +Qτ (Z) + µ˜τ (γ)− µ˜τ (γ′),
where the symmetric Conley-Zehnder indices of γ and γ′ are computed with the
convention that µτ (e
j
i ) = 1 for all j and µτ (hi) = 0 if Ni is a positive Morse-Bott
family and µτ (hi) = 0 and µτ (e
j
i ) = −1 for all j if Ni is a negative Morse-Bott
family. Here τ |Ni is the trivialization defined by Ni.
Remark 4.3.2. The ECH index computed with this definition coincides with the
limit of ECH indices computed with respect to nondegenerate perturbations αǫ =
fǫα of the Morse-Bott contact form α as ǫ→ 1.
As in the nondegenerate case, a Morse-Bott building u˜ from γ to γ′ determines
a relative homology class Z ∈ H2(M,γ, γ′) which is obtained from projecting
the holomorphic part to M and gluing the annuli corresponding to the gradient
trajectories. In view of this construction, we will often write I(u˜) for I(γ, γ′, Z).
We can also define the Fredholm index of a Morse-Bott building as follows. To
a building u˜ we associate a map u# : F# → R ×M by cutting the ends of the
holomorphic components of u and connecting them with cylinders corresponding
to the gradient trajectories. Then the Fredholm index of a Morse-Bott building u˜
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which is positively asymptotic to Reeb orbits γ
mij
i and negatively asymptotic to
Reeb orbits (γ′i)
m′ij is:
(4.3.1) ind(u˜) = −χ(F#) + 2c1(u∗#ξ, τ) +
∑
ij
µτ (γ
mij
i )−
∑
ij
µτ ((γ
′
i)
m′ij ),
with the same convention for the Conley-Zehnder indices of hi, ei and their iterates
as in Definition 4.3.1. (See [Bo2, Corollary 5.4].)
4.4. Morse-Bott chain complex. In this subsection we introduce a Morse-Bott
version of the ECH chain complex. Due to technical difficulties concerning non-
simply-covered Morse-Bott buildings, we will develop an ECH Morse-Bott theory
only for special Morse-Bott contact forms, which we call nice.
Definition 4.4.1.
(1) A Morse-Bott building u˜ is nice if its holomorphic part has at most one ir-
reducible component which is not a connector. This irreducible component
will be called the principal part of u˜.
(2) A Morse-Bott building u˜ is very nice if it is nice and every irreducible
component besides the principal part is an unbranched cover of a trivial
cylinder.
(3) AMorse-Bott contact form α onM is nice if, for a generic almost complex
structure J , all J-holomorphic Morse-Bott buildings of ECH index I = 1
in the symplectization of (M,α) are nice.
Remark 4.4.2. We will consider contact forms on manifolds with torus boundary
which are nondegenerate on the interior and Morse-Bott on the boundary. Such
contact forms are automatically nice (cf. Lemma 7.1.2). It is not clear whether nice
contact forms with ∪iNi 6= ∅ exist on closed manifolds.
Now we describe the relation between moduli spaces of J-holomorphic Morse-
Bott buildings for a Morse-Bott contact form α and moduli spaces of holomorphic
maps for generic perturbations of α following [Bo2]. Our statement will be weaker
than that of [Bo2] because we are going to state only what can be proved without
resorting to abstract perturbations.
Let J0 be a Morse-Bott regular almost complex structure on R ×M adapted to
α, and let Jǫ be almost complex structures on R×M adapted to the contact forms
αǫ in Proposition 4.1.2 such that lim
ǫ→0
Jǫ = J0 in the C
∞-topology.
Theorem 4.4.3. Let α be a Morse-Bott contact form on M . Fix L, ǫ, and αǫ as
in Proposition 4.1.2. Then for all orbit sets γ, γ′ ∈ P with action less than L the
following holds:
(1) for all sequences ǫi → 0 and ui ∈ MJǫi (γ, γ′), there is a subsequence uik
which converges to a Morse-Bott building inMMBJ (γ, γ′).
(2) If u˜ is a very nice, simply-covered Morse-Bott building and ǫ is sufficiently
small, then there is a Jǫ-holomorphic map uǫ ∈ MJǫ(γ, γ′) which is
“close to breaking” into u˜.
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(3) If ind(u) = 1, the Jǫ-holomorphic map uǫ is unique up to translations in
the symplectization direction.
(4) If ind(u) = 2 and u passes through a generic point z ∈ R×M , then there
is a unique Jǫ-holomorphic map uǫ which passes through z.
Proof. (1) and (2) follow from Morse-Bott SFT compactness [BEHWZ, Bo2]. A
sketch of (3) is given in the Appendix; (4) is similar. 
Lemma 4.4.4. Let J be a Morse-Bott regular almost complex structure and let
u˜ ∈ MMBJ (γ, γ′) be a very nice Morse-Bott building with I(u˜) = 1. Then u˜ is
simply-covered and ind(u˜) = 1.
Proof. Assume that u˜ has no trivial cylinders. In the general case, removing the
trivial cylinders of u˜ might decrease the ECH index by [Hu2, Theorem 5.1] and
positivity of intersection, but the same argument holds.
We first consider the case when the principal part u of u˜ is nonempty. Suppose
that u is a k-fold branched cover of a nontrivial simply-covered J-holomorphic
curve v. Let v˜ be the Morse-Bott building obtained by augmenting v with gradient
trajectories. If the functions gN are chosen generically, then ind(v˜) > 0 by the
regularity of J . Since v˜ is a very nice simply-covered J-holomorphic building, by
Theorem 4.4.3(2), we can perturb it to a Jε-holomorphic map vε for ε small. Then
I(vε) ≥ ind(vε) > 0 by the ECH index inequality (Theorem 2.3.3), so I(v˜) > 0.
Consider the Jε-holomorphic curve v
k
ε given by k translated copies of vε. Since
both u˜ and vkε represent the same relative homology class inH2(M,γ, γ
′), we have
I(u˜) = I(vkε ). Since I(v
k
ε ) ≥ kI(vε) by [Hu2, Theorem 5.1 and Proposition 5.6],
it follows that I(u˜) ≥ k. Hence k = 1 and u is simply-covered.
Next let uǫ be the simply-covered Jǫ-holomorphic map which corresponds to u˜
under an arbitrarily small generic perturbation of the Morse-Bott contact form by
Theorem 4.4.3(2). Clearly I(uǫ) = I(u˜) = 1, so ind(uǫ) = 1 and ind(u˜) = 1.
This implies the lemma when the principal part of u˜ is not empty.
If the principal part is empty, then u˜ consists of a gradient trajectory on a Morse-
Bott family and a gradient trajectory has ECH index one. 
Lemma 4.4.5. Let α be a nice Morse-Bott contact form. If we fix a regular almost
complex structure J0 adapted to α, then, for any orbit sets γ and γ
′ and any ǫ > 0
sufficiently small, there is a bijection
MMB,I=1,vnJ0 (γ, γ′)/R ≃M
I=1,tn
Jǫ
(γ, γ′)/R.
Here the modifier “vn” stands for “very nice” and the modifier tn means that all
the connectors are trivial cylinders.
Proof. By Theorem 4.4.3 and Lemma 4.4.4, every very nice I = 1 J0-holomorphic
Morse-Bott building can be deformed into an I = 1 Jǫ-holomorphic map, all of
whose connectors are trivial cylinders.
It remains to show that every sequence vi of Jǫi-holomorphic maps with I(vi) =
1 and trivial cylinders as connectors converges to a very nice J0-holomorphic
Morse-Bott building u˜ as ǫi → 0, after possibly passing to a subsequence. Suppose
without loss of generality that the domains of the maps vi are connected. (Indeed,
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since I(vi) = 1, discarding the possible trivial cylinders does not change I(vi)
by [Hu2, Theorem 5.1] and positivity of intersection.) By Theorem 4.4.3 (1), the
sequence vi converges to a Morse-Bott building u˜ with I(u˜) = 1. Since α is a nice
Morse-Bott contact form, the holomorphic part of u˜ has at most one irreducible
component which is not a connector. Assume there is a nontrivial principal part
u0; the case of u0 = ∅ is simpler and is left to the reader. We consider the very
nice Morse-Bott building u˜′ obtained by augmenting the Morse-Bott ends of u0
with gradient flow trajectories to the critical points of the Morse functions on the
Morse-Bott tori. Then I(u˜′) = I(u˜) = 1 because they represent the same relative
homology class, and therefore Lemma 4.4.4 implies that u0 is simply covered.
We claim that every other irreducible component is a trivial cylinder over an
orbit in P. Arguing by contradiction, suppose there are nontrivial connectors that
are connected to u0 by one or more finite length gradient flow trajectories. We
will show that ind(u˜) > 1, which contradicts the fact that u˜ is the limit of curves
vi with ind(vi) = 1. To this end we consider the Morse-Bott building u˜
′ defined
above. We recall that u˜′ is very nice, simply-covered, and I(u˜′) = I(u˜) = 1.
The ends of the building u˜ satisfy the incoming/outcoming partitions because it
is the limit of Jεi-holomorphic maps vi, while the ends of the building u˜
′ satisfy
the incoming/outgoing partitions because u˜′ can be deformed to Jεi-holomorphic
maps v′i for i≫ 0 by Theorem 4.4.3(2).
We make now the simplifying hypothesis that u0 has ends only at one Morse-
Bott torus. (The general case is more complicated only in the notation.) Then the
ends of u˜ and u˜′ differ only for the multiplicity of e. We denote by n+ and n−
the positive and negative multiplicities of e in u˜, respectively, and by n′+, n
′
− the
corresponding multiplicities in u˜′. Moreover, we denote by µ(e, n±) and µ(e, n
′
±)
the contributions of ends at e to the Fredholm indices of u˜ and u˜′ respectively. (We
recall that these contributions are determined by the total multiplicities because u˜
and u˜′ satisfy the incoming/outgoing partition conditions.) We observe that n± ≥
n′± and n+ − n′+ = n− − n′−.
Let F be the domain of vi and F
′ the domain of v′i for i ≫ 0. Then, by the
Fredholm index formula (4.3.1), we have
ind(u˜)−ind(u˜′) = −(χ(F )−χ(F ′))+(µ(e, n+)−µ(e, n−))−(µ(e, n′+)−µ(e, n′−)).
The term χ(F ) − χ(F ′) is the sum of the Euler characteristics of the connector
components of u˜, and therefore −(χ(F ) − χ(F ′)) > 0 if u˜ is not very nice. Now
we claim that the term (µ(e, n+) − µ(e, n+)) − (µ(e, n′+) − µ(e, n′+)) is always
nonnegative. To see this, first we compute the contributions of the ends at e to the
Fredholm index. If the Morse-Bott torus is positive, then
µ(e, n+) = n+, µ(e, n−) =
{
0 if n− = 0,
1 if n− > 0.
On the other end, if the Morse-Bott torus is negative, then
µ(e, n+) =
{
0 if n+ = 0,
−1 if n+ > 0, µ(e, n−) = −n−.
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Similar formulae hold for µ(e, n′±).
Now we focus on the case of a positive Morse-Bott torus. (The case of a neg-
ative one is completely symmetric.) Then (µ(e, n+) − µ(e, n−)) − (µ(e, n′+) −
µ(e, n′−)) = n+ − n′+ ≥ 0 if n−, n′− > 0 or n− = n′− = 0. On the other
hand, if n− > 0 but n
′
− = 0, we have (µ(e, n+) − µ(e, n−)) − (µ(e, n′+) −
µ(e, n′−)) = n+ − n′+ − 1. However, in this case, n+ − n′+ = n− − n′− > 0, so
(µ(e, n+)− µ(e, n−))− (µ(e, n′+)− µ(e, n′−)) ≥ 0.
This proves that, if u˜ is not very nice, ind(u˜) > ind(u˜′). This is a contradiction
because ind(u˜) = 1, as u˜ is a limit of ind = 1 maps vi, and ind(u˜) > 0 since J0 is
a Morse-Bott regular almost complex structure. 
Definition 4.4.6. Let α be a nice Morse-Bott contact form and J a Morse-Bott
regular almost complex structure adapted to the symplectization of α. Then the
Morse-Bott chain complex (ECCMB(M,α, J), ∂MB) is generated by orbit sets
constructed from P and the differential counts very nice Morse-Bott buildings with
I(u˜) = 1. We denote by ECCLMB(M,α, J) the subcomplex generated by orbit
sets of action less than L.
Proposition 4.4.7. Let α be a nice Morse-Bott contact form. If no Reeb orbit of α
has action equal to a fixed L > 0, then there is an isomorphism of chain complexes
ECCL(M,αǫ, Jǫ) ≃ ECCLMB(M,α, J0),
for all sufficiently small ǫ > 0. In particular, ∂2MB = 0.
Proof. The isomorphism follows from Lemma 4.4.5. 
4.5. Comparison with the nondegenerate case. In this subsection we use a di-
rect limit argument to prove the isomorphism between ECH of a nondegenerate
contact form and Morse-Bott ECH of a nice Morse-Bott form α.
Let Li → ∞ be an increasing sequence such that each Li is positive and there
is no Reeb orbit of α with action equal to Li. LetN1, . . . ,Nn(i) be the Morse-Bott
families consisting of simple orbits with α-action < Li. (In many useful cases
lim
i→+∞
n(i) = +∞.)
The following lemma provides a sequence of perturbing functions and is an
immediate corollary of Proposition 4.1.2 and Theorem 4.4.3.
Lemma 4.5.1. Let α be a nice Morse-Bott form and let Li be a sequence of positive
constants such that Li → +∞ and no Reeb orbit of α has action equal toLi. There
exist sequences of positive numbers ǫi → 0 and functions gi :M → R≥0 such that
fi = 1 + gi and:
(1) gi is supported in disjoint neighborhoods of TN1 ∪ · · · ∪ TNn(i);
(2) the support of gi is disjoint from all nondegenerate Reeb orbits of α of
α-action less than Li;
(3) on a sufficiently small neighborhood T 2× [−1, 1] of TNj , j = 1, . . . , n(i),
with coordinates (θ, t, y), gi(θ, t, y) = φǫi(y)gNj (θ), where gNj is a Morse
function with only two critical points on Nj;
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(4) φǫi : [−1, 1]→ [0, ǫi] is an even bump function with support [−a(ǫi), a(ǫi)]
and maximum ǫi at y = 0, and a(ǫi)→ 0 as ǫi → 0;
(5) lim
i→+∞
fi = 1 in the C
k-topology for k ≫ 0;
(6) for every i, the contact form fiα satisfies Conditions (1)–(4) of Proposi-
tion 4.1.2 and Conditions (1) and (2) of Theorem 4.4.3 for orbits of actions
less than Li; and
(7) fiα (resp. fi+1α) has no Reeb orbits with fiα-action (resp. fi+1α-action)
in the interval [a−2i Li, a
2
iLi], where ai = (1 + ǫic0)
2 for some constant
c0 > 0.
Warning 4.5.2. For all i, Morse-Bott theory (and in particular Proposition 4.4.7)
gives injections ECCLi(M,fiα) → ECCLi+1(M,fi+1α). However, the maps
induced in homology by these injections a priori could be different from the canon-
ical maps given in Lemma 3.1.7, and it is with respect to the latter that the direct
limit must be taken. (A posteriori, they are shown to be the same in the proof of
Theorem 4.5.9.)
Observe that a−1i fi < fi+1 < aifi for all i. Then Lemma 3.1.7 gives maps
Φ+ : ECH
Li(M,fiα)→ ECHaiLi(M,fi+1α),
Φ− : ECH
aiLi(M,fi+1α)→ ECHa2iLi(M,fiα),
Φ′− : ECH
a−1i Li(M,fi+1α)→ ECHLi(M,fiα).
Lemma 4.5.3. The map Φ+ is an isomorphism.
Proof. By Theorems 3.1.2(ii) and (iv), the composition
ECHLi(M,aifi+1α)→ ECHLi(M,fiα)→ ECHLi(M,a−1i fi+1α)
is equal to the cobordism map induced by a piece of symplectization. Then by
Theorem 3.1.2(vi) it is a composition of a scaling with an inclusion. From this and
Lemma 4.5.1(9), it follows easily that Φ+ ◦ Φ′− = id. Similarly, Φ− ◦ Φ+ = id.
Hence Φ+ is an isomorphism. 
Let ([0, 1] ×M,dλi) be an interpolating cobordism from fiα to a−1i fi+1α and
(R×M,dλ̂i) its completion. Let J˜i be a regular almost complex structure on (R×
M,dλ̂i) which is dλi-compatible and adapted to the symplectizations of fiα and
a−1i fi+1α at the ends. We denote the moduli space of J˜i-holomorphic buildings in
(R×M,dλ̂i) from γ to γ′ byMbJ˜i(γ, γ
′).
The following lemma, stated without proof, is a consequence of the Morse-
Bott compactness theorem [Bo2] and the triviality of I < 0 moduli spaces in
symplectizations.
Lemma 4.5.4. If ǫi > 0 is sufficiently small, then there is a regular almost com-
plex structure J˜i such that, if γ and γ
′ have fiα-actions less than Li, then the
moduli spaces Mb,I=0
J˜i
(γ, γ′) and Mb,I=0
J˜i
(γ′, γ) are empty if γ 6= γ′ and consist
of branched covers of trivial holomorphic cylinders if γ = γ′.
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By Morse-Bott theory there is an identification of complexes
e : ECCLi(M,fiα, Ji)
≃−→ ECCaiLi(M,fi+1α, Ji+1).
In fact, ECCLi(M,fiα) andECC
aiLi(M,fi+1α) are generated by the same orbit
sets and the moduli spaces of I = 1 holomorphic curves (modulo R-translations)
have the same cardinality, by Lemma 4.5.1 and Proposition 4.4.7. Let e∗ be the
map induced by e on homology.
Proposition 4.5.5. e∗ = Φ+.
Proof. Let
Φ̂+ : ECC
Li(M,fiα, Ji)→ ECCaiLi(M,fi+1α, Ji+1)
be a (noncanonical) chain map which induces Φ+ and is given by Theorem 3.1.2
and Lemma 3.1.7. Theorem 3.1.2(i) and Lemma 4.5.4 imply that Φ̂+ is a diago-
nal map. Note that ECCLi(M,fiα) and ECC
aiLi(M,fi+1α) are generated by
the same orbit sets. The reason why we cannot conclude that Φ̂+ = e by Theo-
rem 3.1.2(i) is that some of the I = 0 holomorphic cylinders in the interpolating
cobordism from (M,aifiα) to (M,fi+1α) are, strictly speaking, not contained in
product regions.
For F-coefficients we can use the following algebraic trick to finish the proof:
Identify ECCaiLi(M,fi+1α) with ECC
Li(M,fiα) via e
−1. Then
(e−1 ◦ Φ̂+) ◦ (e−1 ◦ Φ̂+) = e−1 ◦ Φ̂+
over F. Since Φ+ and e∗ are isomorphisms, it follows that e
−1
∗ ◦ Φ+ = id and
Φ+ = e∗. 
Now we give a sketch of the proof of Proposition 4.5.5 which applies to in-
teger coefficients. The uninterested reader can jump directly to Theorem 4.5.9.
Given a pair (λ, J) consisting of a nondegenerate contact form λ and a compatible
J , Taubes [T2] first perturbs (λ, J) into an L-flat pair (λ′, J ′) before identifying
ECHL(λ′, J ′) with Seiberg-Witten Floer cohomology. A pair (λ′, J ′) is L-flat if
near each Reeb orbit of length < L it satisfies the conditions in [T2, Equation (4-
1)], and L-flat perturbations are constructed in [T2, Proposition 2.5 and Appendix].
(See [T2, Section 5.c, Part 2] for the reasons for introducing the L-flat condition.)
The following lemma is a slight rephrasing of [HT4, Lemma 3.4(d)] and will
not be proved:
Lemma 4.5.6. If (λt, J t, Lt), t ∈ [0, 1], is a 1-parameter family and (λt, J t) is
Lt-flat, λt is Lt-nondegenerate, and J t is Lt-regular (i.e., Definition 2.2.1 holds
for all γ, γ′ with Aλt(γ) < Lt) for all t ∈ [0, 1], then the ECH cobordism map
ECHL
0
(M,λ0)→ ECHL1(M,λ1)
is induced by the isomorphism
ECCL
0
(M,λ0, J0)
∼→ ECCL1(M,λ1, J1)
given by the canonical bijection of generators.
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Setting λ0 = fiα and λ
1 = fi+1α, it is easy to find an extension λ
t, t ∈ [0, 1], of
the form f ti+1α, where f
0
i+1 = fi, f
1
i+1 = fi+1, and f
t
i+1 satisfies the conditions of
Lemma 4.5.1 with fi+1 replaced by f
t
i+1. By choosing f
t
i+1 to be sufficiently close
to 1 and applying Lemma 4.4.5, there exist an extension Lt, t ∈ [0, 1], of L0 = Li
and L1 = aiLi and an extension J
t, t ∈ [0, 1], of J0 = Ji and J1 = Ji+1, such
that J t is adapted to λt and is Lt-regular.
Next we fix a Riemannian metric onM , with respect to which we measure dis-
tances. Assume for simplicity that there is a unique Morse-Bott torus TN . Let
γe and γh be the elliptic and hyperbolic orbits of λ
t which are obtained by per-
turbing TN , where we assume that γe ⊔ γh is independent of t ∈ [0, 1]. For each
ε > 0 sufficiently small, we construct an Lt-flat family (t ∈ [0, 1]) of perturba-
tions (λt,ε, J t,ε) of (λt, J t) which are supported on an ε-neighborhood of γe ⊔ γh.
Moreover, (λt,ε, J t,ε) converges (uniformly in t ∈ [0, 1]) to (λt, J t) in the C0-
topology as ε→ 0. The proof is a 1-parameter version of the construction of L-flat
perturbations in [T2, Proposition 2.5 and Appendix] and will be omitted.
Claim 4.5.7. For ε > 0 sufficiently small, J t,ε is Lt-regular for all t ∈ [0, 1].
Proof of Claim 4.5.7. Wemay assume that J t,ε, t ∈ [0, 1], is a generic 1-parameter
family of almost complex structures. Arguing by contradiction, there exist orbit
sets γ, γ′ and sequences εj → 0, tj ∈ [0, 1], and uj : Fj → R×M , where:
(1) uj is a somewhere injective J
tj ,εj -holomorphic curve from γ to γ′;
(2) γ and γ′ are constructed from the nondegenerate orbits of α together with
γe and γh and Aλtj ,εj (γ),Aλtj ,εj (γ′) < Ltj ;
(3) uj is not a connector and I(uj) = ind(uj) = 0.
Claim 4.5.8. After passing to a subsequence, there exists an SFT limit uj → u∞,
where I(u∞) = ind(u∞) = 0 and u∞ is not a connector.
A sketch of Claim 4.5.8 is given in Section 5.2. Since u∞ is a J
t0-holomorphic
curve and J t is Lt-regular for all t ∈ [0, 1] by Lemma 4.4.5, we have a contradic-
tion. This implies Claim 4.5.7. 
Claim 4.5.7 and Lemma 4.5.6 then imply Proposition 4.5.5 for integer coeffi-
cients.
By passing to direct limits, we obtain the main result of Morse-Bott theory.
Theorem 4.5.9. Let α be a nice Morse-Bott form and J a generic almost complex
structure adapted to the symplectization of α. Then we have
ECHMB(M,α, J) ≃ ECH(M).
Proof. Choose sequences of functions fi : M → R and constants Li → +∞
which satisfy the hypotheses of Lemmas 4.5.1 and 4.5.4. Then
(4.5.1) ECH(M) = lim
i→∞
ECHLi(M,fiα)
by Corollary 3.2.3 and
(4.5.2) ECCLi(M,fiα, Ji) ≃ ECCLiMB(M,α, J)
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for all i by Proposition 4.4.7. Also, tautologically,
ECCMB(M,α, J) = lim
i→∞
ECCLiMB(M,α, J).
In order to take the direct limit on both sides of Equation (4.5.2) on the level of
homology, we need the commutativity of the following diagram for all i:
ECHLiMB(M,α)
≃
✲ ECHLi(M,fiα)
ECH
Li+1
MB (M,α)
❄
≃
✲ ECHLi+1(M,fi+1α)
❄
where the rightmost vertical arrow is the natural map defined in Lemma 3.1.7 from
interpolating cobordisms. This map coincides with Φ+ followed by the map in-
duced by the inclusion
ECCaiLi(M,fi+1α) →֒ ECCLi+1(M,fi+1α).
Therefore the diagram commutes by Proposition 4.5.5. 
5. TOPOLOGICAL CONSTRAINTS ON HOLOMORPHIC CURVES
5.1. The winding number. In this subsection we recall the winding number from
[HWZ1, p. 290]: Given a contact manifold (M, ξ) with ξ = kerα, an α-adapted
almost complex structure J onR×M , and a J-holomorphic curve u : F → R×M
between orbits sets, the winding number windπ(u) is an algebraic count of the
zeros of the section:
s : F → HomC(TF, u∗ξ).
Here s is obtained by composing
TF
u∗→ T (R×M) (πM )∗−→ TM π→ ξ,
where πM : R ×M → M is the projection onto the second factor and π is the
projection along the Reeb vector field Rα.
In [HWZ1], Hofer-Wysocki-Zehnder prove that windπ(u) is finite. (This is
analogous to the elementary complex analysis fact that the number of zeros of a
holomorphic function f : D2 ⊂ C → C, counted with multiplicities, is equal to
the winding number of f |∂D2 .) An immediate corollary is the following lemma:
Lemma 5.1.1. The map uM = πM ◦ u is transverse to Rα away from a finite
number of points on F . In particular it is an immersion outside a finite number of
points on F .
Throughout the section we will use the notation uM = πM ◦ u.
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5.2. Blocking Lemma. In this subsection we discuss the topological restrictions
that a torus foliated by Reeb trajectories imposes on the J-holomorphic curves.
Let α be a contact form on M and T ⊂ M an oriented torus which is linearly
foliated by Reeb trajectories of α. The foliation can either have closed leaves
or dense leaves. We denote by P+H1(T ;R) the quotient of H1(T ;R) − {0} by
multiplication of positive real numbers. The Reeb flow on T will then have a well-
defined “slope” s ∈ P+H1(T ;R).
Let 〈, 〉 be the intersection pairing on H1(T ;R). We then make the following
definition:
Definition 5.2.1. If δ ∈ H1(T ;Z), then we write δ · s > 0 (resp. δ · s = 0) if
〈δ, γ〉 > 0 (resp. = 0) for any representative γ ∈ H1(T ;R) of s ∈ P+H1(T ;R).
Note that if δ · s = 0, then δ represents the slope s or −s.
Let T 2× [−ε, ε] be a neighborhood of the Morse-Bott torus T = T 2×{0} with
coordinates (θ, t, y). We assume that the normal vector to T points in the direction
of ∂y . Let u : F → R×M be a J-holomorphic curve such that:
(C1) F is a compact Riemann surface with boundary ∂F ; and
(C2) uM (∂F ) ∩ (T 2 × [−ε, ε]) = ∅.
Then uM (F )∩T only has a finite number of singularities by Lemma 5.1.1 and we
denote by δ ∈ H1(T ;Z) the homology class of uM (F )∩T , where the smooth part
of uM (F ) ∩ T is oriented as the boundary of uM (F ) ∩ (T 2 × [−ε, 0]).
Lemma 5.2.2 (Positivity of intersections in dimension three). Let T ⊂ M be
an oriented torus which is linearly foliated by Reeb trajectories of slope s. If
u : F → R × M is a J-holomorphic curve satisfying (C1) and (C2) and δ =
[uM (F ) ∩ T ] ∈ H1(T ;Z), then δ · s ≥ 0. Moreover, δ · s = 0 if and only if
uM (F ) ∩ T = ∅.
Proof. We will prove this lemma in the harder case when T is foliated by orbits of
irrational slope, leaving the rational slope case to the reader.
By Lemma 5.1.1, uM (F ) ∩ T , if not empty, is the union of a finite set of points
and curves which are immersed outside a finite number of singularities.
Assume first that uM (F ) ∩ T has a one-dimensional component. By abuse of
notation, we do not distinguish between the homology class δ and its represen-
tative uM (F ) ∩ T . A generic finite length Reeb trajectory γ on T intersects δ
in finitely many points away from the singularities and isolated points. In fact,
δ∩ γ = πM (u(F )∩ (R× γ)) and u(F )∩ (R× γ) is a finite set by the intersection
theory of holomorphic curves in dimension four; see [MW, Theorem 7.1]. Since
all Reeb trajectories are dense in T , we can choose γ arbitrarily long so that its
endpoints are close to each other and far away from δ. Hence we can complete γ
to a homologically nontrivial closed curve γ without introducing extra intersection
points with δ. Then the positivity of intersections in dimension four implies that
δ · [γ] > 0. In particular, δ 6= 0 ∈ H1(T ;Z). Since we can make the slope of
γ as close as we want to s by taking γ sufficiently long and s is not an integral
homology class, we conclude that δ · s > 0. (Recall that if δ · s = 0 then δ and s
or −s are parallel.)
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Assume now that uM (F ) ∩ T is a finite set. We claim that uM (F ) ∩ T = ∅.
Suppose that uM (F ) ∩ T 6= ∅ by contradiction. Repeating the construction from
the previous paragraph with a finite length Reeb trajectory γ (resp. γ′) which passes
through a point in uM (F ) ∩ T (resp. is disjoint from uM (F ) ∩ T ), we obtain
γ and γ′. Then [u(F )] · [R × γ] > 0 by the positivity of intersections, while
[u(F )] · [R × γ′] = 0 because they are disjoint. Since R × γ and R × γ′ are
homologous, we have a contradiction. This completes the proof of the lemma. 
The following is an immediate consequence of Lemma 5.2.2.
Lemma 5.2.3 (Blocking Lemma). Let T ⊂ M be an oriented torus which is lin-
early foliated by Reeb trajectories of slope s and let u : F → R ×M be a finite
energy J-holomorphic map, where F is a closed Riemann surface with a finite
number of punctures removed. Then:
(1) If u is homotopic, by a compactly supported homotopy, to a map whose
image is disjoint from R× T , then uM (F ) ∩ T = ∅.
(2) If T ′ is a torus which is parallel to and disjoint from T , u has no end that
limits to a Reeb orbit that intersects the half-open region between T and
T ′ which includes T ′ but not T , and the homology class [uM (F ) ∩ T ′] is
nonzero and has slope±s, then u has an end which is asymptotic to a Reeb
orbit in T .
We now sketch the proof of Claim 4.5.8.
Sketch of proof of Claim 4.5.8. The consideration that needs slight care is that as
εj → 0, J tj ,εj → J t∞ only in the C0-topology. Let Nεj(γe ⊔ γh) be an εj-
neighborhood of γe ⊔ γh and let F ′j = u−1j (R × (M − Nεj (γe ⊔ γh))). By the
Gromov-Taubes compactness theorem [T4], which requires no a priori bound on
the genus and is local, there exists a limit u∞ of uj|F ′j as currents, after passing to
a subsequence. This implies that the homology class [uj(Fj)] can be taken to be
independent of j. The argument from [Hu, Theorem 10.1] then gives a bound on
the genus of Fj .
We can then either appeal to the C0-Gromov compactness theorem of Ivashko-
vich-Shevchishin [IS] or argue as follows using the Blocking Lemma. We make
the simplifying assumption that γ and γ′ do not contain γh and that uj does not
intersect neighborhoods of R× γh and leave the harder general case to the reader.
We claim that−χ(F ′j) is bounded above. Since we have a genus bound for Fj , it
suffices to show that the number #∂F ′j of boundary components of F
′
j is bounded
above. Let V ′j = Nεj(γe) and let T
′
j = ∂V
′
j with the boundary orientation. Choose
an oriented identification T ′j ≃ R2/Z2 such that the meridian has slope 0 and
the longitude is determined by the Morse-Bott family and has slope ∞. We may
assume that T ′j is foliated by Reeb orbits of slope s
′
j ≫ 0 and that there exists a
torus T ′′j ⊂M−V ′j which is parallel to T ′j and is foliated by Reeb orbits of rational
slope s′′, where s′′ is independent of j and s′j > s
′′ > 0.
Let V ′′j ⊂ M be the solid torus bounded by T ′′j and let F ′′j = u−1j (R × (M −
V ′′j )). Let πM : R × M → M be the projection onto the second factor. By
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Lemma 5.2.2, if C is a component of ∂F ′′j , then πM ◦uj(C)·s′ < 0. Since [uj(Fj)]
is fixed and s′′ is rational, #∂F ′′j must then be bounded above. On the other hand,
let V
(0)
j ⊂ V ′j be a sufficiently small neighborhood of γe, T (0)j = ∂V (0)j , and
F
(0)
j = u
−1
j (R × (M − V (0)j )). Since [uj(Fj)] is fixed, #∂F (0)j is also bounded
above by the positivity of intersections in dimension four and the asymptotics of
uj near their ends.
To obtain the bound on#∂F ′j , it then suffices to show that u
−1
j (R× (V ′′j −V ′j ))
and u−1j (R × (V ′j − V (0)j )) have no disk components D with πM ◦ uj(∂D) ⊂ T ′j .
By Lemma 5.2.2, πM ◦ uj(∂D) represents a nonzero homology class in T ′j . On
the other hand, the inclusion T 2 × {1} → T 2 × [0, 1] induces an isomorphism on
homology, which is a contradiction. This proves the bound on#∂F ′j and −χ(F ′j).
We then apply the SFT compactness theorem to uj |F ′j to obtain u∞ : F∞ →
R×M . If C is a component of ∂F∞, then u∞(C) ⊂ γe, which in turn implies that
u∞ is a constant. Hence ∂F∞ = ∅. The punctures of F∞ are either removable or
limit to orbits in γ, γ′. Finally, since [uj(Fj)] is not the class given by a connector,
u∞ is also not a connector. 
5.3. Trapping Lemma. In this subsection we analyze some topological restric-
tions on J-holomorphic curves with ends at a Morse-Bott torus.
We fix coordinates (θ, t, y) on a neighborhood T 2 × [−ε, ε] of a torus T =
T 2 × {0} and consider contact forms of the type α = g(θ, t, y)dθ + f(θ, t, y)dt
such that:
• f(∂yg)− (∂yf)g > 0,
• f |y=0 = 1,
• ∂θf |y=0 = ∂tf |y=0 = ∂yf |y=0 = 0,
• ∂θg|y=0 = ∂tg|y=0 = 0 and ∂yg|y=0 = 1,
• ∂2yf |y=0 6= 0.
These conditions imply that T is a Morse-Bott torus and that the Reeb vector
field R is given by ∂t on T .
We recall that the asymptotic operator of a closed Reeb orbit γ describes the
action of the linearized Reeb flow on sections of the (pull-back of the) contact
structure γ∗ξ along the orbit. More precisely, the linearized Reeb flow gives a
symplectic connection ∇R for γ∗ξ and the asymptotic operator is J∇R, where J
is an almost complex structure on ξ; see [HWZ2] for more details on the asymptotic
operator and Section 4.1 for the linearized Reeb vector field.)
If we choose a generic almost complex structure J adapted to the symplectiza-
tion of α such that ∂tJ |y=0 = 0, then there is a unitary trivialization of ξ along T
such that the asymptotic operator of an end of a holomorphic map converging to a
Reeb orbit on T has the form
(5.3.1) A = −J0 d
dt
+ J0
(
0 0
a 0
)
,
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where a > 0 if T is a positive Morse-Bott torus, a < 0 if T is a negative Morse-Bott
torus, and J0 =
(
0 −1
1 0
)
. This unitary trivialization is obtained by projecting
(∂y, ∂θ) to ξ along ∂t.
Lemma 5.3.1. The eigenvalues of the asymptotic operator A are λ0 = 0, λa = −a
and λn, λ−n, for n ∈ N, which are the positive and the negative solutions of the
equation λ(λ+a) = n2. The eigenfunctions that correspond to the eigenvalues λ0
and λa are
f0(t) =
(
0
1
)
and fa(t) =
(
1
0
)
.
The eigenvalues λ±n for n ≥ 1 are degenerate with multiplicity 2 and their eigen-
functions have winding number ±n.
Proof. The asymptotic operator is sufficiently simple that we can determine its
spectrum by an explicit computation: the eigenfunctions ξ of A are the 2π-periodic
solutions of the differential equation
(5.3.2) ξ˙ =
(
0 −λ
λ+ a 0
)
ξ.
If λ = 0 or λ = −a, which are the only cases when the matrix in Equation (5.3.2)
cannot be diagonalized, the eigenfunctions are
f0(t) =
(
0
1
)
and fa(t) =
(
1
0
)
.
If λ(λ+ a) < 0, then Equation (5.3.2) can be diagonalized over the real numbers,
and it is easy to see that it has no periodic solutions. If λ(λ+ a) > 0 a direct com-
putation shows that solutions of Equation (5.3.2) are of the form ξ(t) = Φλ(t)ξ0,
where
Φλ(t) =
 cos(√λ(λ+ a)t) − λ√λ(λ+a) sin(√λ(λ+ a)t)
λ+a√
λ(λ+a)
sin(
√
λ(λ+ a)t) cos(
√
λ(λ+ a)t)
 .
Then Φλ(2π) has eigenvalue 1 if and only if λ(λ + a) = n
2 ∈ N, in which case
Φλ(2π) is the identity. 
If u is a J-holomorphic map with an end E which is asymptotic to a Morse-Bott
torus T , we say that E is one-sided if its projection toM does not intersect T .
Lemma 5.3.2 (Trapping Lemma). Let α be a contact form, T an α-Morse-Bott
torus, and E a one-sided end of a J-holomorphic map which is asymptotic to a
Reeb orbit in T . If T is positive (resp. negative), then E is a positive (resp. negative)
end.
Proof. Suppose T is positive. By [HWZ2, Theorem 1.3], a positive (resp. neg-
ative) end E of a J-holomorphic curve approaches a Reeb orbit of T along an
eigenfunction of the asymptotic operator with negative (resp. positive) eigenvalue.
By Lemma 5.3.1, the eigenfunction has a nonpositive eigenvalue if and only if it
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has nonpositive winding number. On the other hand, if E is one-sided, then the
asymptotic eigenfunction must have winding number zero. Hence E must be a
positive end. The case for T negative is similar. 
6. CONSTRUCTION OF CONTACT FORMS
In this section we construct some contact forms on T 2 × [1, 2] and D2 × S1
which will be used in the proof of the main theorem.
6.1. Contact forms on T 2 × [1, 2]. Let (ϑ, t, y) be coordinates on
T 2 × [1, 2] ≃ (R2/Z2)× [1, 2].
Slopes of essential curves on T 2 will be measured with respect to (ϑ, t), i.e. with
respect to the basis of H1(T
2) given by the homology classes of the curves ϑ 7→
(ϑ, ∗) and t 7→ (∗, t). Let
(6.1.1) αf,g = g(y)dϑ + f(y)dt
be a contact form on T 2 × [1, 2], where f, g are functions on [1, 2]. We write
f ′ = dfdy and g
′ = dgdy .
The following is a straightforward calculation:
Lemma 6.1.1. The form αf,g is a contact form if and only if
(6.1.2) fg′ − f ′g > 0.
The kernel kerαf,g is spanned by {∂y,−f∂ϑ + g∂t}. Assuming αf,g is a contact
form, the Reeb vector field is given by:
(6.1.3) Rαf,g =
1
fg′ − gf ′ (−f
′∂ϑ + g
′∂t),
In words, Equation (6.1.2) says that the curve in R2 parametrized by (f, g) is
transverse to the radial rays and rotates in the counterclockwise direction.
Later in the article will need the following family of contact forms on T 2×[1, 2].
Example 6.1.2. Given a (small) positive irrational parameter δ we consider pairs
of functions (fδ, gδ) such that the following hold (cf. Figure 1):
(1) (fδ, gδ) satisfies Equation (6.1.2).
(2) 0 ≤ f ′δ(y)g′
δ
(y) ≤ δ;
f ′δ(y)
g′
δ
(y) is increasing on (1,
3
2) and is decreasing on (
3
2 , 2),
and is equal to δ at y = 32 .
(3) (fδ(y), gδ(y)) = (fδ(1) + (y − 1)2, gδ(1) + (y − 1)) near y = 1.
(4) (fδ(y), gδ(y)) = (fδ(2)− cδ(y − 2)2, gδ(2) + cδ(y − 2)) near y = 2.
(5) (fδ(1), fδ(1)) is independent of δ and all the (fδ(2), fδ(2)) lie on the same
line through the origin.
(6) The constants cδ are chosen so that any two contact forms αδ and αδ′ are
constant multiples of one another near y = 2.
EMBEDDED CONTACT HOMOLOGY AND OPEN BOOK DECOMPOSITIONS 31
(f(1), g(1))
f
g
(f(2), g(2))
FIGURE 1. Trajectory of (fδ(y), gδ(y)).
The contact form αfδ,gδ will also be called αδ. Its Reeb vector field Rαδ has
Morse-Bott tori whose Reeb orbits have rational slope in the interval [−∞,−1δ ];
each rational slope occurs twice, once on the interval [1, 32 ] and once on the interval
[32 , 2]. Note that the Reeb orbits in the two Morse-Bott tori of infinite slope have
parallel directions and are in “elimination position”, i.e., assuming that (fδ, gδ)
is extended slightly to T 2 × [1 − ε, 2 + ε] so that the Reeb orbits have positive
slope on y ∈ [1 − ε, 1) ∪ (2, 2 + ε], one could deform the pair (fδ, gδ) relative to
{y = 1−ε, 2+ε} to make the slope of the Reeb vector field always positive; during
the deformation we would see the two Morse-Bott tori of infinite slope coming
close to each other and finally canceling. Also, by taking δ to be sufficiently small,
all the Reeb orbits in int(T 2 × [1, 2]) can be made to have arbitrarily large action.
6.2. Contact forms on D2 × S1. Let (ρ, φ, θ)5 be cylindrical coordinates on the
solid torus
D2 × S1 = {ρ ≤ 1} × (R/2πZ).
Let Tρ = {ρ = ρ} ⊂ D2 × S1 for ρ ∈ (0, 1].
Convention 6.2.1. Slopes of essential curves on the torus Tρ are measured with
respect to (θ, φ) instead of (φ, θ).
We consider contact forms which can be written as:
(6.2.1) αf,g = g(ρ)dθ + f(ρ)dφ.
Here we need to choose (f(ρ), g(ρ)) so that αf,g is smooth on all of D
2 × S1,
which means that f(0) = 0 and the derivatives of odd degree of both f and g at
ρ = 0 vanish. We write f ′ = dfdρ and g
′ = dgdρ . The analog of Lemma 6.1.1 is the
following:
5We are making a distinction between symbols ϑ and θ.
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Lemma 6.2.2. The form αf,g is a contact form if and only if
f ′g − fg′ > 0 for ρ > 0, and(6.2.2)
lim
ρ→0
f ′g − fg′
ρ
> 0.(6.2.3)
The kernel kerαf,g is spanned by {∂ρ,−f∂θ + g∂φ}. Assuming αf,g is a contact
form, the Reeb vector field is given by:
(6.2.4) Rαf,g =
1
f ′g − fg′ (f
′∂θ − g′∂φ).
In particular, Rαf,g is parallel to ∂θ at ρ = 0.
Each torus Tρ is linearly foliated by the Reeb flow of αf,g.
Since they will be useful later, we present a pair of constructions of contact
forms on D2 × S1 of the form given in Equation (6.2.1).
Example 6.2.3. Given ν > 0 and C > 1, let (f(ρ), g(ρ)) = (νρ2, C − ρ2). This
gives a smooth contact form onD2×S1 and the Reeb vector field on Tρ has slope
− g′f ′ = 1ν for all ρ > 0. In particular, if ν is irrational, then the only simple closed
orbit of Rαf,g is the core curve {ρ = 0}.
Example 6.2.4. The following contact forms, which generalize those in Example
6.2.3, will be used later in the paper. We define α onD2×S1 so that the following
hold:
(1) (f, g) satisfies Equation (6.2.2).
(2) (f(ρ), g(ρ)) = (ρ2, C − ρ2) near ρ = 0, where C > 0 is a large constant.
(3) (f(ρ), g(ρ)) = (f(1)− (ρ− 1)2, g(1) − (ρ− 1)) near ρ = 16.
(4) − g′f ′ monotonically increases from 1 to +∞ as ρ goes from 0 to 1.
The profile of the functions (f, g) is shown in Figure 2.
On each torus Tρ ⊂ D2×S1, the Reeb vector fieldRα gives a foliation by Reeb
orbits of slope r in the interval [1,∞], where there is a unique ρ for each slope
r ∈ (1,∞].
7. ECH FOR MANIFOLDS WITH TORUS BOUNDARY
In this section we define several ECH groups on a compact manifold M with
torus boundary T = ∂M . We fix an oriented identification T ≃ R2/Z2 so that we
can refer to slopes of essential curves on T . Let α be a contact form on M such
that T is foliated by Reeb orbits of slope r. If r is rational, we assume that T is
Morse-Bott. All ECH groups on M and int(M) are computed using a C∞-small
perturbation of α so that all Reeb orbits in int(M) are nondegenerate. Let J be a
Morse-Bott regular almost complex structure on R×M adapted to α.
6Here (f, g)|ρ=1 = (fδ, gδ)|y=2. This allows us to extend αδ to D
2 × S1 for all sufficiently
small δ > 0 by writing (fδ, gδ) as a suitable constant multiple of (fδ0 , gδ0). This is possible because
of Condition (6) in the definition of αδ . Observe that the Reeb orbits of αδ and αδ0 agree on V ,
modulo parametrization.
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Straight line
f
g
(f(1), g(1))
(f(0), g(0))
FIGURE 2. Trajectory of (f(ρ), g(ρ)). Here the arrow points in
the positive ρ-direction.
7.1. Definitions. We introduce several ECH groups:
1. ECH(int(M), α). The ECH chain group ECC(int(M), α) is generated by
orbit sets whose simple orbits lie in the interior of M . In particular, we are dis-
carding the Morse-Bott family of orbits on T if r is rational. The differential ∂ is
the usual one, i.e., counts holomorphic curves of ECH index I(γ, γ′, Z) = 1 in
R × int(M) whose connector components are trivial cylinders. Since int(M) is
not closed, we need to verify that ECC(int(M), α) is indeed a chain complex.
Lemma 7.1.1. ∂ is defined and ∂2 = 0.
Proof. We claim that the SFT compactness theorem holds in R × int(M). This
implies that the arguments used in [HT1, HT2] to prove ∂2 = 0 will then carry
over to our setting. Let un be a sequence of J-holomorphic maps with image
in R × int(M). After passing to a subsequence, un converges to a building u∞
such that all its components have image in R ×M . By the Blocking Lemma, no
component of u∞ can intersect ∂M .
We claim that no component of u∞ can have an end at a Reeb orbit in ∂M :
indeed, if there is a component with a positive (resp. negative) end at a Reeb orbit
in ∂M , then there is another component of u∞ with a negative (resp. positive) end
at a Reeb orbit in ∂M . By the Trapping Lemma, this is impossible if the image of
u∞ is contained in R×M . 
2a. ECH(M,α) for r irrational. This is defined to be ECH(int(M), α).
2b. ECH(M,α) for r rational. Let N be the set of simple Reeb orbits on T . The
set N comes with distinguished orbits e, h which become elliptic and hyperbolic
after a suitable perturbation. Writing P for the set of simple orbits in int(M),
ECC(M,α) is the chain complex which is generated by orbit sets constructed
from P ∪{h, e} and whose differential counts Morse-Bott buildings of ECH index
1 in R×M .
Lemma 7.1.2. If α is nondegenerate on int(M), then it is nice.
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Proof. Suppose that ∂M is a negative Morse-Bott torus; the positive case is analo-
gous. LetN be the Morse-Bott family corresponding to ∂M . If α is not nice, then
there is a Morse-Bott building u˜ in R×M with ECH index I(u˜) = 1 whose holo-
morphic part u has more than one non-connector irreducible component. Assume
that there are exactly two non-connector components u1 and u2 (this is mostly to
simplify notation; the general case is treated in the same way). By the Trapping
Lemma, the only ends of u1 and u2 that limit to ∂M are negative ends. We form
the Morse-Bott buildings u˜1 and u˜2 by augmenting the ends of u1 and u2 at ∂M
with gradient flow lines and denote the union of these two buildings by u˜′.
We claim that I(u˜) = I(u˜′). Indeed, all the ends of u1 and u2 that limit to orbits
on ∂M are connected to critical points in N by gradient flow lines, with possible
interruptions by connectors. Hence u˜ and u˜′ have the same ends in the ECH sense
and define the same relative homology class. This implies that I(u˜) = I(u˜′).
On the other hand, let ui, i = 1, 2, be a ki-th cover of a J-holomorphic curve vi,
and define very nice, simply-covered buildings v˜i. By Theorem 4.4.3(2), we can
perturb v˜1 and v˜2 to Jǫ-holomorphic maps v1,ε and v2,ε, respectively. We denote
by vkii,ε the Jǫ-holomorphic map made of ki parallel copies of vi,ε. Then, by [Hu2,
Theorem 5.1],
I(u˜) ≥ I(vk11,ε) + I(vk22,ε) ≥ k1I(v1,ε) + k2I(v2,ε).
Since I(vi,ε) > 0 for i = 1, 2, this is a contradiction. 
Lemma 7.1.2 implies that ∂2 = 0, since it guarantees that the Morse-Bott gluing
is done at a different end from the gluing of connectors (i.e., the obstruction bundle
gluing of Hutchings-Taubes [HT1, HT2]) and the two kinds of gluing can be done
independently.
3. ECH♭(M,α). The chain complex ECC♭(M,α) is generated by orbit sets
which are constructed from P ∪ {e}. As in the case of ECC(M,α), if N is a
negative Morse-Bott family, no Morse-Bott building u˜ in R ×M besides trivial
cylinders can have e at the positive end. Hence the differential can be defined by
counting Morse-Bott buildings of ECH index 1 in R × M , whose orbit sets are
constructed from P ∪ {e}.
The verification of ∂2 = 0 needs one extra consideration: An index 2 family
of J-holomorphic curves in R×M can break into a Morse-Bott building u˜ which
involves h at the negative end, followed by a holomorphic cylinder from h to e.
(Note that, by the Trapping Lemma, these holomorphic cylinders are the only non-
trivial holomorphic curves which go from h to e and so there are no other cases to
consider.)
This type of breaking could be a problem because orbit sets containing h are
not in the chain complex ECC♭(M,α). However, since there are two gradient
trajectories from h to e with ECH index I = 1 and no other holomorphic curve
(or building) with a positive end at h, the Morse-Bott building u˜ can be glued onto
each of the two gradient trajectories. This proves that families breaking at h always
come in pairs, and therefore ∂2 = 0 holds even when we discard orbit sets which
contain h.
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If N is a positive Morse-Bott family, then e can only be at the positive end of a
J-holomorphic curve in R ×M , and the proof of ∂2 = 0 remains the same with
the obvious modifications.
4. ECH♯(M,α). The chain complex ECC♯(M,α) is generated by orbit sets
which are constructed fromP∪{h}, and its differential counts ECH index 1Morse-
Bott buildings which are asymptotic to orbit sets constructed from P ∪ {h}.
Remark 7.1.3. The differentials of the ECH groups defined in this section pre-
serve the total homology class of the generators. Then we can define subgroups
ECH(M,α,A) for every A ∈ H1(M). Similar notations will be used for the
variants of this group.
7.2. Well-definition. In this subsection we prove that ECH(M,α) is indepen-
dent of the choice of α, provided the slope r is irrational. The verification in the
other cases will be omitted; we will be careful to use the invariance of ECH groups
for manifolds with torus boundary only in the case where it is proved. The main
result proved in this subsection is the following:
Proposition 7.2.1. Let α1 and α2 be contact forms on M which agree on ∂M to
first order (and in particular the Reeb vector fields and the characteristic foliations
of α1 and α2 at ∂M are equal) and define contact structures ξi = kerαi which
are isotopic relative to the boundary. If ∂M is foliated by Reeb orbits of irrational
slope, then there is an isomorphism
ECH(M,α1) ≃ ECH(M,α2).
The strategy of the proof is to extend (M,αi), i = 1, 2, to closed contact man-
ifolds and to use the invariance of ECH for closed manifolds. Lemma 7.2.3 con-
structs the contact forms which are used to extend (M,αi). Then Lemma 7.2.6
shows that, up to some action L, the ECH groups of (M,αi) are isomorphic to
the ECH groups of their extension. Finally Lemmas 7.2.7, 7.2.9 and 7.2.10 estab-
lish some compatibility properties for the continuation maps between the extended
forms, so that the proposition can finally be proved by a direct limit argument.
Lemma 7.2.2. Let α = g(ρ)dθ + f(ρ)dφ be a contact form on D2 × S1 with
cylindrical coordinates (ρ, φ, θ). Denote v(ρ) = (f(ρ), g(ρ)) and let |v(ρ)| be
the norm of v(ρ) and ζ(ρ) the angle between v(ρ) and v′(ρ), both measured with
respect to the standard Euclidean structure on R2. Then, if the torus Tρ is foliated
by closed Reeb orbits, for every Reeb orbit γ on Tρ we have
(7.2.1) A(γ) ≥ |v(ρ)|| sin ζ(ρ)|.
Proof. Let J be the standard complex structure, · the standard inner product, and
| · | the standard Euclidean norm on R2. For every ρ ∈ (0, 1] we trivialize the
tangent bundle of the torus Tρ by (∂φ, ∂θ) and measure the slope of curves on Tρ
with respect to (φ, θ).7
7In the proof we are using a different convention from that of Convention 6.2.1.
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By Lemma 6.2.2, R is tangent to Tρ for all ρ ∈ (0, 1] and can be written as:
R =
(−g′, f ′)
(−g′, f ′) · (f, g) ,
with respect to (∂φ, ∂θ). If we write v = (f, g), then Jv
′ = (−g′, f ′) and
|R| =
∣∣∣∣ (−g′, f ′)(−g′, f ′) · (f, g)
∣∣∣∣ = ∣∣∣∣ Jv′Jv′ · v
∣∣∣∣ = 1|v|| sin ζ| ,
where ζ(ρ) is the angle between v(ρ) and v′(ρ). Note that slope(R) = slope(Jv′) =
− f ′g′ .
Let ρ ∈ (0, 1) be such that R has rational slope on Tρ and let w be the shortest
integer vector with that slope. Then Tρ is foliated by Reeb orbits and each Reeb
orbit γ has action A(γ) = |w||R| . Since |w| ≥ 1, we have the bound
A(γ) ≥ 1|R| = |v|| sin ζ|. 
Lemma 7.2.3. GivenL > 0 and r > 0 irrational, there is a contact form α(r, L) =
g(ρ)dθ+f(ρ)dφ on V = D2×S1 with cylindrical coordinates (ρ, φ, θ) such that:
(a) on ∂V the Reeb vector field R of α(r, L) has slope −1r and the character-
istic foliation has infinite slope; and
(b) all the closed orbits of R have α(r, L)-action larger than L.
long line segment
FIGURE 3. Trajectory of (f(ρ), g(ρ)). The arrow is in the direc-
tion of increasing ρ.
Proof. We describe α(r, L) by describing the vector v(ρ) = (f(ρ), g(ρ)). We
construct v(ρ) = (f(ρ), g(ρ)) “backwards”, starting with larger ρ, subject to the
condition
d|v|
dρ < 0. The profile of v(ρ) is given in Figure 3.
(1) For ρ ∈ [34 , 1], define v(ρ) so that it parametrizes a “long”8 segment and R is
constant, has slope −1r , and satisfies |R| = 1K . Since r is irrational, there are no
Reeb orbits on Tρ for ρ ∈ [34 , 1].
8The segment is chosen so that Equation (7.2.2) from (2) is satisfied.
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(2) Fix an irrational slope − 1r′ > −1r so that all integer vectors with slope be-
tween − 1r′ and −1r have norm greater than 2LK . For ρ ∈ [12 , 34 ], define v(ρ) so that
|R(ρ)| < 2K and slope(R) = slope(Jv′) decreases monotonically from − 1r′ to −1r
as ρ increases. One can achieve this by making v(ρ) vary sufficiently slowly for
ρ ∈ [12 , 34 ]. Hence, if γ is a Reeb orbit of Tρ with ρ ∈ [12 , 34 ], then
A(γ) ≥ K2 2LK = L.
Let ζ be the clockwise angle from a line of slope − 1r′ to a line of slope −1r . By
taking the “long” segment to be sufficiently long, we may assume that
(7.2.2) | sin ζ| > KL| sin(ζ(34))|.
(3) For ρ ∈ [14 , 12 ], define v(ρ) so that slope(Jv′) decreases monotonically from
1
r′′ > 0 to − 1r′ as ρ increases and | sin ζ(ρ)| ≥ | sin ζ|. We can achieve these
properties by changing v(ρ) slowly with respect to the slope of v′(ρ). Then, by
Equations (7.2.1) and (7.2.2),
(7.2.3) A(γ) ≥ |v(ρ)| ·KL| sin(ζ(34))| ≥ KL|v(34 )| · | sin(ζ(34 ))| ≥ KL 1K = L,
where γ is a Reeb orbit of Tρ, ρ ∈ [14 , 12 ].
(4) Finally, define v(ρ) for ρ ∈ [0, 14 ] which parametrizes a segment of slope 1r′′
and satisfies f(0) = 0. A(γ) ≥ L follows from Equation (7.2.3). 
Remark 7.2.4. We will always assume that, when L0 < L1, each radial ray in the
fg-plane intersects the curve (f0(ρ), g0(ρ)) defining α(r, L0) before or at the same
time as the curve (f1(ρ), g1(ρ)) defining α(r, L1). Then there exist a diffeomor-
phism σ : D2×S1 → D2×S1 such that σ(ρ, φ, θ) = (σ0(ρ), φ, θ) and a function
h : [0, 1]→ R≥0 such that α(r, L1) = eh(ρ)σ∗(r, α(L0)).
Let (M,αi), i = 1, 2, be contact manifolds as in Proposition 7.2.1. We can
choose coordinates (ϑ, t, y) ∈ (R2/Z2) × [−ε, 0] on a small collar of ∂M such
that ∂M corresponds to T 2 × {0} and the contact forms αi can be written as
αi = gi(ϑ, t, y)dϑ + fi(ϑ, t, y)dt
with ∂fi∂ϑ =
∂fi
∂t =
∂gi
∂ϑ =
∂gi
∂t = 0 at t = 0 (i.e., along ∂M ). Note that we have used
the assumption that α1 and α2 coincide to first order along ∂M to conclude that
they can be put in this form with the same choice of coordinates. Moreover, we
assume that these coordinates have been chosen so that, on ∂M , the Reeb vector
fields of α1 and α2 have negative irrational slope −r and that the slopes of the
characteristic foliations of ξi = kerαi are nonnegative and sufficiently close to
zero.9 Here the slope is measured with respect to (ϑ, t).
For L′ > 0 sufficiently large we embed (M,αi) into a closed contact manifold
(M ′, α′i(L
′)) such that:
(1) M ′ = M∪V , where ∂M and ∂V are glued by the identifications ρ = 1−y,
φ = 2πt, θ = 2πϑ; and
9Close enough that Claim 7.2.5 applies.
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(2) α′i(L
′)|M = αi and α′i(L′)|V is a C1-small perturbation of α(r, L′) near
the boundary.
If the perturbation of the form α(r, L′) is small enough in the C1 topology, it
does not create any closed Reeb orbit of action less than L′. Since the size of the
perturbation which is necessary to glue αi with α(r, L
′) essentially depends on the
slope of the characteristic foliation of αi on ∂M , we can claim the following.
Claim 7.2.5. All closed Reeb orbits of (M ′, αi(L
′)) of action less than L′ are
contained inM .
The next lemma identifies some ECH groups for (M,αi) with ECH groups for
(M ′, α′i(L
′)).
Lemma 7.2.6. For all L ≤ L′, if we choose the almost complex structure on the
symplectization of (M ′, α′i(L
′)) to extend the almost complex structure picked on
the symplectization of (M,αi), then there are isomorphisms
ECCL(M,αi) ≃ ECCL(M ′, α′i(L′))
of chain complexes.
Proof. By Lemma 7.2.3, there is an isomorphism
ECCL(M,αi) ≃ ECCL(M ′, α′i(L′))
as vector spaces. To prove that the isomorphism holds as chain complexes, it
suffices to show that every holomorphic curve in R ×M ′ which is positively as-
ymptotic to an orbit set of Rα′i(L′) of α
′
i(L
′)-action less than L (which is equal to
an orbit set of Rαi of αi-action less than L) has image in R×M . Let u be a holo-
morphic map in R×M ′ connecting the orbit set γ of Rαi inM with Aαi(γ) < L
to the orbit set γ′ of Rα′i(L′) in M
′. Since Aαi(γ) < L, γ′ must be contained in
M . Hence the homology class of uM ′ ∩ ∂V in H1(∂V ) is a multiple of the class
of the meridian of V . On the other hand, inside V there is a concentric torus V ′
on which the Reeb orbits are meridians. (This torus corresponds to the vertical
tangency of the curve in Figure 3.) Then Blocking Lemma (2) implies that u must
be asymptotic to some orbits in V ′. This is not possible since all the ends of u limit
to orbits of action less than L. Hence the image of u is contained in R ×M by
Blocking Lemma (1). 
The induced identification
ECHL(M,αi) ≃ ECHL(M ′, α′i(L′))
is independent of L′ in the following sense: Let L ≤ L0 ≤ L1 be positive numbers
such that no Reeb orbit in (M,αi) (for either i = 1 or i = 2) has action L. By
Remark 7.2.4 and Lemma 3.1.7 there are maps
ΨL,L0,L1i : ECH
L(M ′, α′i(L1))→ ECHL(M ′, α′i(L0))
induced by interpolating cobordisms (W,µi) from (M
′, α′i(L1)) at the positive end
to (M ′, α′i(L0)) at the negative end. Then we have the following:
Lemma 7.2.7. The maps ΨL,L0,L1i restrict to the identity on ECH
L(M,αi).
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Proof. The cobordism W is topologically trivial, i.e., W ≃ [0, 1] ×M ′, and we
can assume that (W,µi) restricts to a piece of symplectization on [0, 1] ×M . We
choose the almost complex structure J to be R-invariant on R×M . As before, all
orbit sets of α′i(Lj)-action less than L for j = 0, 1 are contained in M . Then the
Blocking Lemma10. However the lemma is still valid and the proof is unchanged.
and the argument of Lemma 7.2.6 imply that all J-holomorphic maps between orbit
sets of action less than L are contained in R ×M . If those J-holomorphic maps
have ECH index zero, then they are branched covers of trivial cylinders because
([0, 1] ×M,µi|[0,1]×M) is a piece of symplectization. Hence the map induced on
ECHL(M,α) is the identity by Theorem 3.1.2(i). 
We will use the identifications ECHL(M,αi) ≃ ECHL(M ′, α′i(L′)) to define
a map
Φ : ECH(M,α1)→ ECH(M,α2).
This involves two steps: the construction of maps
ΦL : ECH
L(M,α1)→ ECHκL(M,α2)
for some κ > 1 and the taking of direct limits.
Let f :M → R be a smooth positive function such that φ∗(α2) = fα1 for some
diffeomorphism φ ofM which is isotopic to the identity and restricts to the identity
on ∂M . Then choose κ > 1 such that 1κ ≤ f ≤ κ. Given L′ > L, we consider the
contact forms α′i(κL
′), i = 1, 2, on M ′ constructed in Lemma 7.2.3. Then there
is an interpolating cobordism (X,λL′) from (M
′, α′1(κL
′)) at the positive end to
(M ′, κ−1α′2(κL
′)) at the negative end. Moreover we can assume that (X,λL′)
restricts to a piece of symplectization on a small neighborhood of [0, 1] × V .
We define ΦL by imposing the commutativity of the following diagram:
(7.2.4)
ECHL(M ′, α′1(κL
′))
ΦL
✲ ECHκL(M ′, α′2(κL
′))
ECHL(M,α1)
≃
❄
ΦL
✲ ECHκL(M,α2),
≃
❄
where the vertical maps are the isomorphisms coming from Lemma 7.2.6 and the
top map is induced by the interpolating cobordisms (X,λL′) via Lemma 3.1.7.
Remark 7.2.8. Using the Blocking Lemma one can prove that the map ΦL is sup-
ported, in the sense on Theorem 3.1.2(i), by holomorphic curves in R ×M . See
the proof of Lemma 7.2.6 for the details.
Lemma 7.2.9. ΦL is independent of the choice of L
′ in Diagram (7.2.4).
10This situation is slightly more general than that for which the Blocking Lemma has been stated
and proved because we are in a cobordism
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Proof. Suppose L ≤ L0 ≤ L1, α1 has no orbit sets of action L, and α2 has no
orbit sets of action κL. Then the diagram
(7.2.5)
ECHL(M ′, α′1(κL1))
ΦL
✲ ECHκL(M ′, α′2(κL1))
ECHL(M ′, α′1(κL0))
Ψ
L,κL0,κL1
1
❄
ΦL
✲ ECHκL(M ′, α′2(κL0))
Ψ
L,κL0,κL1
2
❄
commutes by Theorem 3.1.2 since the compositions of cobordisms (X,λ′L0) ◦
(W,µ1) and (W,µ2)◦(X,λ′L1) are homotopic by Lemma 3.1.6. The mapsΨ
L,κL0,κL1
i
induce the identity on ECH(M,αi) by Lemma 7.2.7, so the maps on the top
and bottom of Diagram (7.2.5) define the same map ΦL : ECH
L(M,α1) →
ECHκL(M,α2). 
Lemma 7.2.10. Let α1 and α2 be contact forms as in Proposition 7.2.1. If Li is
an increasing sequence of positive real numbers such that α1 has no orbit set of
action Li and α2 has no orbit set of action κLi for all i,
11 then the maps
ΦLi : ECH
Li(M,α1)→ ECHκLi(M,α2)
define a morphism of directed systems.
Proof. For all L < L′ as above, the diagram
(7.2.6)
ECHL(M,α1)
ΦL
✲ ECHκL(M,α2)
ECHL
′
(M,α1)
❄
ΦL′✲ ECHκL
′
(M,α2),
❄
where the vertical arrows are maps induced by the inclusions of chain complexes,
commutes by Lemmas 7.2.7 and 7.2.9. 
By taking the direct limit of the maps ΦLi from Lemma 7.2.10, we obtain a
linear map
Φ : ECH(M,α1)→ ECH(M,α2).
Since the roles of α1 and α2 are interchangeable, the same arguments can be used
to define a map Φ′ : ECH(M,α2) → ECH(M,α1) as a direct limit of maps
Φ′L′j
.
Proof of Proposition 7.2.1. We prove that Φ and Φ′ are inverses of each other. We
identify the composition Φ′κL ◦ΦL (after a proper rescaling) with the map induced
by an interpolating cobordism which is homotopic to a piece of symplectization.
11 This condition can be fulfilled due to the fact that the action spectrum is discrete for a generic
contact form.
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Then Φ′κL ◦ ΦL = iL,κ2L, where iL,κ2L is the inclusion map. By taking the direct
limit, we obtain Φ′ ◦Φ = id. The proof of Φ ◦ Φ′ = id is similar. 
Remark 7.2.11. We sketch a possible strategy to prove the invariance of the group
ECH(M,α) when the Reeb vector field of α defines a foliation on ∂M with
closed leaves. This result will not be used in the rest of the article.
When ∂M is foliated by closed orbits of the Reeb vector field of α we would
like to view ECH(M,α) as a direct limit of ECH groups of nondegenerate con-
tact forms as in Equation (4.5.1). We pick L > 0 and slightly extend (M,α) to
(Mε, αε) so that:
• Mε = M ∪ (T 2 × [0, ε)) where ∂M = T 2 × {0};
• αε|M = α;
• ∂Mε is foliated by Reeb trajectories of αε with irrational slope; and
• there are no Reeb orbits of αε onMε −M with action ≤ L.
We now consider the chain complexes ECCL(Mε, fiαε), where fi : Mε → R
is as in Lemma 4.5.1 for i≫ 0. Then
(7.2.7) ECCL(M,α) ≃ ECCL(Mε, fiαε)
by Proposition 4.4.7. We then write the ECH group ECH(M,α) as the direct
limit of groups ECHL(Mε, fiαε) as in Corollary 3.2.3. We extend (Mε, fiαε) to
a closed manifold by using Lemma 7.2.3 and apply the (analogs of the) results of
this section to define the ECH cobordism maps.
7.3. Variants of ECH relative to the boundary. The goal of this subsection is
to define the homology groups ECH(M,∂M,α) and ÊCH(M,∂M,α) which
appear in the statement of Theorem 1.1.1. They are variants of ECH(M,α) and
in many ways can be viewed as ECH groups relative to the boundary ofM , hence
the notation.
Let M be a manifold with ∂M ≃ T 2. Let α be a contact form on M which is
nondegenerate on int(M) and such that ∂M is a negative Morse-Bott torus. Then
the ECH groups introduced in Section 7.1 are defined for (M,α) In the rest of
this section we make the further assumption that there exists a properly embedded
oriented surface (Σ, ∂Σ) ⊂ (M,∂M) with connected boundary such that an orbit
of the Morse-Bott torus has algebraic intersection number one with Σ.
As before, we pick two orbits on ∂M and label them h and e. There is a per-
turbation of α near ∂M which makes h hyperbolic and e elliptic; h corresponds to
the maximum and e to the minimum of the perturbing Morse function.
LetP be the set of simple Reeb orbits of α in the interior ofM . LetECC♭j(M,α)
be the chain complex generated by orbit sets γ constructed from P∪{e}, whose al-
gebraic intersection number 〈[γ],Σ〉 is j. By construction, ECC♭j(M,α) is a direct
summand of ECC♭(M,α) and its differential is the restriction of the differential
for ECC♭(M,α).
In the same way we write ECCj(M,α) for the chain complex generated by
orbit sets γ constructed from P ∪ {e, h}, whose algebraic intersection number
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〈[γ],Σ〉 is j. By construction, ECCj(M,α) is a direct summand of ECC(M,α)
and its differential is the restriction of the differential for ECC(M,α).
Lemma 7.3.1. There are inclusions of chain complexes:
ECC♭j(M,α)→ ECC♭j+1(M,α),
ECCj(M,α)→ ECCj+1(M,α)
given by the map γ 7→ eγ, where we are using multiplicative notation for orbit
sets.
Proof. Let γ be an orbit set inM and u a holomorphic map with image in R×M
which is positively asymptotic to eγ. Then u has an irreducible component which
is mapped to the trivial cylinder over e. In fact, by the Trapping Lemma, u cannot
have nontrivial positive ends that limit to orbits on ∂M because M is a negative
Morse-Bott torus. Also, one can check that, Z ′ ∈ H2(M,eγ, eγ′) is obtained
by adding a trivial cylinder over e to Z ∈ H2(M,γ, γ′), then I(eγ, eγ′, Z ′) = 1
whenever I(γ, γ′, Z) = 1. This is a consequence of [Hu, Proposition 7.1], since the
associated partitions satisfy the admissibility conditions (Equations (23) and (24) in
[Hu, Definition 4.7]). It is crucial in the verification of the admissibility condition
that, in the Morse-Bott situation, the outgoing partition for e with multiplicity n
is (n) and the incoming partition is (1, . . . , 1) for all n, together with the fact that
every J-holomorphic map in R×M with a positive end to e is a connector. Hence
∂♭(eγ) = e∂♭(γ) and ∂(eγ) = e∂(γ). 
The homology of the chain complexECC♭j(M,α)will be written asECH
♭
j(M,α)
and that of the chain complex ECCj(M,α) will be written as ECHj(M,α).
Definition 7.3.2. We define
ECH(M,∂M,α) = lim
j→∞
ECH♭j(M,α),
ÊCH(M,∂M,α) = lim
j→∞
ECHj(M,α).
Remark 7.3.3. The groups ECH(M,∂M,α) and ÊCH(M,∂M,α) can also be
interpreted as the homology of the chain complexes obtained by taking the quo-
tient of the chain complexes ECC♭(M,α) and ECC(M,α) respectively by the
subcomplexes generated by all elements of the form eγ − γ, where γ is any orbit
set constructed from P∪{e} in the case ofECH(M,∂M,α) or from P∪{e, h} in
the case of ÊCH(M,∂M,α). This alternative definition, unlike Definition 7.3.2,
does not need the assumption that the Reeb orbits on the boundary have intersec-
tion one with a properly embedded surface.
Remark 7.3.4. The differentials in ECH(M,∂M,α) and ÊCH(M,∂M,α) pre-
serve the total relative homology class of the generators. Then we can define sub-
groupsECH(M,∂M,α,A) and ÊCH(M,∂M,α,A) for everyA ∈ H1(M,∂M).
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8. ECH OF THE SOLID TORUS
8.1. Overview of the computation. In this section we calculate various versions
of ECH of the solid torus with certain boundary conditions and specific contact
structures. We will write V = D2 × S1 and use Convention 6.2.1 to compute the
slope of essential curves in ∂V and in boundary-parallel tori contained in V .
The following lemma constructs the contact forms used in the main theorem.
Let V0 ⊂ . . . ⊂ Vi ⊂ . . . ⊂ V be an exhaustion by concentric solid tori, Ti = ∂Vi,
and T = ∪iTi. Let (ρ, φ, θ) be the cylindrical coordinates on V = D2 × S1 from
Section 6.2. We assume that Ti = {ρ = ρi}. We will choose Vi so that the Reeb
flow foliates Ti = ∂Vi by orbits of irrational slope ri.
Lemma 8.1.1. There exists a contact form αV on V = D
2 × S1 which is an
arbitrarily C∞-small perturbation of the contact form α from Example 6.2.4 and
which satisfies the following:
(a) the Reeb orbits of αV in int(V ) are nondegenerate;
(b) αV and α agree to infinite order along ∂V and along T . In particular, the
Reeb flow of αV foliates the tori Ti by orbits of irrational slope ri and ∂V
by orbits of infinite slope; and
(c) for every i, all orbits in V − Vi have slope greater than ri.
Proof. Let Li → ∞, i = 1, 2, . . . , be an increasing sequence of real numbers and
let d be a metric on C∞(V ) inducing the C∞-topology.12 Fix ε > 0 sufficiently
small.
We claim that for i = 1, 2, . . . there exists a function13 fi : V → R which
satisfies the following:
(i) efiα is Li-nondegenerate;
(ii) d(fi, fi−1) < 2
−iε; and
(iii) supp(fi − fi−1) ⊂ int(V )− (Oi−1 ∪ T ),
where Oi is the union of all simple Reeb orbits of efiα with action less than Li.
Here we are setting f0 = 0, O0 = ∅, and L0 = 0. We define fi inductively: We
choose gi such that fi = fi−1+gi−1 satisfies (i)–(iii). In fact, as shown for example
in the proof of [CH2, Lemma 7.1], the functions gi can be chosen arbitrarily close
to 0 in the C∞-topology and with support in arbitrarily small neighborhoods of the
Reeb orbits of action in [Li−1, Li]. The claim then follows. The sequence fi is a
Cauchy sequence, so we define f = lim
i→∞
fi and αV = e
fα. The contact form αv
satisfies (a) and (b).
It remains to prove (c). But this is immediate since the slope in Example 6.2.4
is strictly increasing with the radius on the region V − Vi and we are performing a
C∞-small perturbation so that this property is preserved. 
12For example we can take d(f, g) =
∞∑
k=0
2−k
‖f − g‖Ck
1 + ‖f − g‖Ck
.
13The functions fi, gi, and f introduced in this proof are, of course, unrelated to the functions f
and g defining α in Example 6.2.4.
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∂V is a positive αV -Morse-Bott torus. We can perturb αV so that the Morse-
Bott family for ∂V becomes a pair of nondegenerate Reeb orbits e′ and h′, where
e′ is an elliptic orbit corresponding to the maximum of the perturbing function and
h′ is a hyperbolic orbit corresponding to the minimum. The following is the main
result of this section:
Theorem 8.1.2. Let αV be a contact form on V constructed in Lemma 8.1.1. Then:
(1) ECH(int(V ), αV ) ≃ F, generated by ∅.
(2) ECH♯(V, αV ) ≃ 0.
(3) ECH(V, αV ) ≃ 0.
(4) ECH♭(V, αV ) ≃ F[e′], where F[e′] is the polynomial ring generated by e′
over F.
Remark 8.1.3. Proposition 7.2.1 does not cover contact forms whose Reeb flow has
rational slope on ∂V , so we cannot claim that the computation in Theorem 8.1.2 is
independent of the contact form. However, the computation for the contact forms
αV constructed in Lemma 8.1.1 will be sufficient for the proof of Theorem 1.1.1.
The proof of (1) proceeds as follows: In Section 8.2 we computeECH(Vi, αV |Vi).
Since the slope of the Reeb flow of αV on Ti = ∂Vi is irrational, we can use Propo-
sition 7.2.1 to replace the contact forms αV |Vi with different forms for which the
computation is easy. We also lift the relative grading on the ECH groups given
by the ECH index to an absolute grading which is compatible with the maps
induced by the interpolating cobordisms. In Section 8.3 we prove that the in-
clusions Vi ⊂ Vi+1 induce inclusions of chain complexes ECC(Vi, αV |Vi) ⊂
ECC(Vi+1, αV |Vi+1) as a consequence of the Blocking Lemma. This implies that
ECH(int(V ), αV ) = lim
i→∞
ECH(Vi, αV |Vi).
We then use the absolute grading to conclude the proof: the degrees of the genera-
tors of ECH(Vi, αV |Vi) that are different from ∅ go to infinity as i→∞, so only
∅ survives in the direct limit.
The proofs of (2)–(4) are given in Section 8.5 and use (1) and some results on
holomorphic curves in R× V due to Taubes and Wendl.
8.2. ECH (V, α) when the Reeb flow has irrational slope on the boundary.
In this subsection we compute ECH(V, α) for contact forms α whose Reeb flow
foliates ∂V by orbits of irrational slope and whose underlying contact structure
gives the standard contact neighborhood of a transverse knot. For this boundary
condition we have proved the invariance of ECH , so by Proposition 7.2.1 we can
choose a particularly simple contact form to do the computation.
Let r > 0 be an irrational number. Pick a contact form αr on V ≃ D2 × S1 as
in Example 6.2.3 so that the following hold:
• the boundary ∂V and all the concentric tori Tρ, ρ ∈ (0, 1], are foliated by
Reeb orbits of irrational slope r;
• the contact structure kerαr is transverse to all the fibers {pt} × S1.
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There is only one simple closed orbit, namely the core c = {0} × S1. The orbit c
is elliptic and all its multiple covers cn are nondegenerate due to the irrationality of
r. Note that [cn] = n[S1] ∈ H1(V ), so we immediately have the following lemma:
Lemma 8.2.1. ECH(int(V ), αr;n[S
1]) ≃ F, generated by cn, if n ≥ 0 (where
cn = ∅ if n = 0) and ECH(int(V ), αr;n[S
1]) = 0 if n < 0.
In order to plug this computation into the direct limit in the proof of Theo-
rem 8.1.2, we define an absolute grading on the ECH groups of the solid torus in a
way which is compatible with the cobordism maps. For simplicity we will consider
only contact forms α which satisfy the following assumption:
(⋆) the core of V is an elliptic Reeb orbit c , all of whose multiple covers are
nondegenerate.
The contact forms αr in Lemma 8.2.1, as well as the contact forms αV |Vi of
Lemma 8.1.1 satisfy this assumption.
Let ξ = kerα. We chose a trivialization τ of ξ such that its restriction to the
core orbit e is homotopic to the pullback of a basis of T0D
2 and the linearized Reeb
flow at e is a rotation by angle 2πθ with θ ∈ R−Q.
Lemma 8.2.2. Let α be a contact form on a solid torus V which satisfies (⋆).
Then there is an absolute grading I on ECC(int(V ), α) such that:
(1) I(cn) =
n∑
k=1
(2⌊kθ⌋+ 1),
(2) if γ1, γ2 are two orbit sets and Z is a surface from γ1 to γ2, then
I(γ1, γ2, Z) = I(γ1)− I(γ2).
Proof. Given an orbit set γ with [γ] = n[S2], we choose a τ -trivial surface Z from
γ to en and define
(8.2.1) I(γ) := µ˜τ (γ) + c1(ξ|Z , τ) +Qτ (Z).
SinceH2(V ) = 0, I(γ, c
n, Z) is independent of Z by [Hu, Lemma 2.5(a)]. Hence
I(γ) is well-defined.
(1) follows from the calculation µ˜τ (c
n) =
n∑
k=1
(2⌊kθ⌋+1) using [Hu2, Formula
2.3] and (2) follows from the additivity of the ECH index. 
Lemma 8.2.3. Let α1 and α2 be contact forms on V which coincide on ∂V to first
order and define contact structures which are isotopic relatively to the boundary. If
both α1 and α2 satisfy (⋆) and their Reeb flows foliate ∂V by orbits of irrational
slope, then the isomorphism ECH(V, α1) ≃ ECH(V, α2) from Proposition 7.2.1
preserves the absolute grading I .
Proof. We denote by I1 and I2 the absolute grading on the groups ECH(V, α1)
and ECH(V, α2) respectively. We know from Remark 7.2.8 that the isomorphism
ECH(V, α1)
≃−→ ECH(V, α2) is supported by holomorphic buildings in a com-
pleted interpolating cobordism ([0, 1]× V, λ) from (V, α1) to (V, α2)14. Moreover
14To add some confusion, what is called V here corresponds toM in Section 7.2.
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by [Cr, Theorem 5.1], those buildings have total ECH index I = 0 for a version of
the ECH index in cobordisms; see [Hu2] for its definition. Then the lemma holds
if
(8.2.2) I(γ1, γ2, Z) = I1(γ1)− I2(γ2)
for all surfaces Z in [0, 1] × V connecting an orbit set γ1 for α1 to an orbit set γ2
for α2.
Since H2(V ) = 0, we can assume that Z is the union of a surface Z1 from γ1
to cn (for some n), the surfaces Zn0 consisting of n copies of the cylinder Z0 over
the core orbit c, and a surface Z2 from c
n to γ2. Moreover we can assume that
Z1 and Z2 project to surfaces in V , so that I(γ1, c
n, Z1) = I1(γ1) − I1(cn) and
I2(c
n, γ2, Z2) = I2(c
n)− I2(γ2). Then
I(γ1, γ2, Z) = I1(γ1)− I1(cn) + I(cn, cn, Zn0 ) + I2(cn)− I2(γ2)
and consequently Equation (8.2.2) holds if and only if
I(cn, cn, Zn0 ) = I1(c
n)− I2(cn)
for every n ≥ 0. This is however the case because
c1(T ([0, 1] × V )|Zn0 , τ) = Qτ (Zn0 ) = 0.

By combining Proposition 7.2.1 and Lemmas 8.2.1–8.2.3 we obtain:
Lemma 8.2.4. If α is a contact form on V satisfying (⋆) and ∂V is foliated by
Reeb orbits of irrational slope r > 0, then
ECH(V, α, n[S1]) ≃
 F in degree I =
∑n
k=1(2⌊kr⌋ + 1), for n > 0;
F in degree I = 0, for n = 0; and
0 for n < 0.
8.3. Computation of ECH(int(V ), αV ). The goal of this subsection is to com-
pute ECH(int(V ), αV ), where αV is a contact form constructed in Lemma 8.1.1.
Lemma 8.3.1. The inclusions Vi ⊂ Vj for i < j induce inclusions of chain com-
plexes
(8.3.1) ECC(Vi, αV |Vi)→ ECC(Vj, αV |Vj ).
Moreover, the inclusions Vi ⊂ V induce inclusions of chain complexes
ECC(Vi, αV |Vi)→ ECC(int(V ), αV ).
Proof. Let γ be an orbit set whose orbits are contained in Vi. We will prove that
every J-holomorphic map u : F → R × V which has γ at its positive end has
image in R × Vi. Let γ′ be the orbit set at the negative end of u. We first prove
that all the orbits of γ′ must be contained in Vi. Arguing by contradiction, suppose
γ′ = γ′inγ
′
out, where the orbits of γ
′
in are in Vi and the orbits of γ
′
out 6= ∅ are in
V − Vi. The Reeb vector field determines a homology class si ∈ H1(Ti;R), up to
multiplication by a positive constant, which has slope ri using Convention 6.2.1.
We can also regard [γ′out] as a homology class inH1(Ti;R) and the slope of [γ
′
out]
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is larger than ri because every Reeb orbit in V − Vi has slope larger than ri by
Lemma 8.1.1. This implies that [γ′out] · si > 0.
Denote by uV the composition of u with the projection R × V → V and let
δ ∈ H1(Ti;R) be the homology class of the intersection uV (F )∩Ti, oriented as the
boundary of uV restricted to Vi. (Recall that the tori Ti are foliated by Reeb orbits
of irrational slope, so that u has no ends at Ti.) Then δ = −[γ′out], so δ · si < 0.
This contradicts the positivity of intersections in dimension three (Lemma 5.2.2)
and therefore all orbits in γ′ are contained in V . Hence Lemma 5.2.3(1) (Blocking
Lemma) implies that u(F ) ⊂ R× Vi. 
With all these preliminary steps in place, the computation ofECH(int(V ), αV )
is straightforward.
Proposition 8.3.2. ECH(int(V ), αV ) ≃ F and is generated by ∅.
Proof. By Lemma 8.3.1 we have
(8.3.2) ECH(int(V ), αV ) = lim
i→∞
ECH(Vi, αV |Vi).
Moreover, all the generators of ECH(Vi, αV |Vi) in Lemma 8.2.4 that are different
from ∅ have degree I > ⌊2ri⌋+ 1. Since ri →∞ and the inclusions
ECH(Vi, αV |Vi)→ ECH(Vj , αV |Vj )
are degree-preserving, every generator different from ∅ eventually is mapped to
zero in the directed system. Hence ECH(int(V ), αV ) ≃ F and is generated by
∅. 
8.4. Finite energy foliations. In this subsection we study finite energy foliations
of R × V and R × T 2 × [1, 2] which have been constructed by Wendl [We, We2]
and Taubes [T3]. Finite energy foliations were introduced in [HWZ]; here we recall
their definition.
Definition 8.4.1. A finite energy foliation of a symplectic cobordism (W,ω) with
an adapted almost complex structure J is a codimension two foliation of W such
that every leaf is the image of an embedded J-holomorphic map with finite energy.
Here we are using the notion of energy from [BEHWZ, Section 6.1]. The ends
of a finite energy J-holomorphic map inW are asymptotic to cylinders over Reeb
orbits.
The purpose of considering finite energy foliations is twofold: they constrain
holomorphic curves by the positivity of intersections and contribute to the ECH
differential via the Morse-Bott construction. The foliation on R × V will be used
in the proof of Theorem 8.1.2 (2)–(4) and the foliation on R × T 2 × [1, 2] will be
used in the proofs of Lemmas 9.5.3 and 9.9.3.
8.4.1. Automatic transversality. For certain moduli spaces of J-holomorphic maps
in dimension four, transversality holds for topological reasons and there is no
need to perturb the almost complex structure. In this subsection we describe such
automatic transversality results of Wendl [We3]. We need to discuss automatic
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transversality, since the finite energy foliations that we consider are constructed for
very symmetric, and therefore nongeneric, almost complex structures.
Let F = F − z, where F is a closed oriented surface and z = {z1, . . . , zr}
is a finite set of punctures. Following Wendl [We3], we fix a partition P =
{z+C , z−C , z+U , z−U} of z. We use the superscript + (resp. −) to indicate the punctures
which correspond to the positive (resp. negative) ends and define zC = z
+
C ∪ z−C ,
zU = z
+
U ∪ z−U .
To any puncture z ∈ zC we associate an orbit γz (which can either be non-
degenerate or belong to a Morse-Bott family) and to any puncture z ∈ zU we
associate a Morse-Bott family Nz. We write
MP =M({γz}z∈z+C , {Nz}z∈z+U , {γz}z∈z−C , {Nz}z∈z−U )
for the moduli space of holomorphic maps u : (F, j) → (R ×M,J), which are
positively asymptotic to the orbits γz for z ∈ z+C and to the Morse-Bott families
Nz for z ∈ z+U and are negatively asymptotic to the orbits γz for z ∈ z−C and to the
Morse-Bott families Nz for z ∈ z−U . Here we range over all complex structures j
on F and quotient by automorphisms of the domain.
Ends which correspond to punctures in zC are called constrained ends and ends
which correspond to punctures in zU are called unconstrained ends. The definition
of MP motivates this terminology: constrained ends are asymptotic to a specify
orbit, while unconstrained ends are asymptotic to ends which can move in a Morse-
Bott family.
The virtual dimension of MP at u will be denoted by ind(u,P). Fix δ > 0
arbitrarily small. For every puncture z ∈ z we define
cz =
{
δ if z ∈ zC ,
−δ if z ∈ zU .
Choose a symplectic trivialization τ of ξ|γz which is complex linear with respect
to J . Let Aγz be the asymptotic operator of γz . With respect to the trivialization
τ , Aγz can be written in the form −J ddt + S(t), where J =
(
0 −1
1 0
)
, t is the
direction of γz , and S(t) is a loop of symmetric matrices. Also let A
P
γz = Aγz ±
cz Id be the perturbed asymptotic operator of γz , where we choose the positive
(resp. negative) sign if z ∈ z+ (resp. z ∈ z−). This is equivalent to turning
on negative (resp. positive) exponential weights at positive unconstrained (resp.
constrained) ends and negative constrained (resp. unconstrained) ends.
The perturbed asymptotic operator APγz yields a path of symplectic matrices Φ
P
z ,
and we define µτ (γz ,P) = µ(ΦPz ). We say that a puncture z is even if µτ (γz,P)
is even and we denote by #Γ0(u,P) the number of even punctures of (u,P). By
the properties of the Conley-Zehnder index the set of even punctures, and therefore
#Γ0(u,P), does not depend on the trivialization τ .
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Theorem 8.4.2 ([We3, Equation (1.1)] and [We3, Remark 1.2]). Let u : F →
R×M be a J-holomorphic map and P a partition of the ends of u. Then
(8.4.1) ind(u,P) = −χ(F ) + 2c1(u∗ξ, τ) +
∑
z∈z+
µτ (γz,P) −
∑
z∈z−
µτ (γz,P).
Moreover, if u is an immersion, then it is a regular point ofMP if
(8.4.2) ind(u,P) > 2g(F ) − 2 +#Γ0(u,P).
The following lemma computes µτ (γz ,P) in terms of the Conley-Zehnder index
of a nondegenerate perturbation of the Reeb orbit.
Lemma 8.4.3. Suppose δ > 0 is sufficiently small.
(1) If γz is a nondegenerate orbit, then µτ (γz,P) = µτ (γz).
(2) If γz belongs to a Morse-Bott family N and γmin and γmax are the non-
degenerate Reeb orbits corresponding to a minimum and a maximum of a
Morse function on N , then:
• µτ (γz,P) = µτ (γmin) if z ∈ z+C ∪ z−U ; and
• µτ (γz,P) = µτ (γmax) if z ∈ z+U ∪ z−C .
(3) #Γ0(u,P) is the total number of:
• ends at even nondegenerate orbits;
• constrained positive ends and unconstrained negative ends at positive
Morse-Bott tori; and
• unconstrained positive ends and constrained negative ends at negative
Morse-Bott tori.
Proof. (1) is immediate.
(2) Let T = TN ⊂ M be the torus corresponding to N and let g : M → R
and gN : N → R be C∞-small functions satisfying (P1)–(P4) from Section 4.1.
We denote the Morse-Bott form α0 and its Reeb vector field by R0. Then the Reeb
vector field of the perturbed contact form (1 + g)α0 is R = (1 + g)
−1R0 + X,
where X ∈ ξ = kerα0 is a solution of
iXdα0 = (1 + g)
−2(dg − dg(R0)α0).
If we choose an almost complex structure J on ξ and a metric h on M which
is compatible with J and α0 in the sense that R0 is a unit vector field which is
orthogonal to ξ and h|ξ⊗ξ = dα0(·, J ·), then
X = −(1 + g)−2J(∇g − h(∇g,R0)R0).
Let γ be an orbit inN which corresponds to a critical point of g so that γ is also
a Reeb orbit for R. We can associate two asymptotic operators to γ: the operator
Aγ , when we regard γ as a Reeb orbit of R0, and the operator A
′
γ when we regard
γ as a Reeb orbit of R.
Let τ be the period of γ as an orbit ofR and assume for simplicity that the period
of γ as an orbit of R0 is 1. Then τ is equal to the value of (1 + g) at any point of
γ. If ∇ is a symmetric connection, the asymptotic operators can be written as
Aγ = −J(∇t −∇R0), A′γ = −J(∇t − τ∇R);
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see [We3, Page 370]. Since dg = 0 and ∇g = 0 along γ, we have
∇R = (1 + g)−1∇R0 − (1 + g)−2∇(J(∇g − h(∇g,R0)R0)),
∇(J(∇g − h(∇g,R0)R0)) = (∇J)(∇g − h(∇g,R0)R0)
+ J∇(∇g − h(∇g,R0)R0))
= J∇(∇g − h(∇g,R0)R0)) = JHg,
along γ, where Hg is the Hessian of g restricted to the ξ-directions. Hence
A′γ = −J(∇t −∇R0 + (1 + g)−1JHg) = Aγ + (1 + g)−1Hg.
If g has a minimum at γ, then Hg ≥ 0 along γ and A′γ has the same Conley-
Zehnder index as Aγ + δ. On the other hand, if g has a maximum at γ, then A
′
γ has
the same Conley-Zehnder index as Aγ − δ.
(3) is immediate from (2). 
8.4.2. Foliations on R×V and R×T 2× [1, 2]. We first describe the finite energy
foliation on R × V . The following is proven in Wendl [We] (see pp. 594–600,
especially the removal of singularities argument on p. 599; the gist of the proof is
to reduce the J-holomorphic curve equation to an ODE [We, Equations (37a) and
(37b)]).
Proposition 8.4.4. Let α be a contact form on V as in Example 6.2.4 and J0 a
“cylindrically symmetric” almost complex structure on R × V (i.e., J0 depends
only on the radial coordinate ρ of V ) which is adapted to α. Then there is a finite
energy foliation Z0 of R× V such that:
(1) R × int(V ) is foliated by J0-holomorphic planes which are positively as-
ymptotic to the Reeb orbits on ∂V ; and
(2) R× ∂V is foliated by trivial cylinders over Reeb orbits of ∂V .
Any orbit of ∂V is the limit of a unique 1-dimensional R-invariant family of non-
cylindrical leaves and the projections of the leaves to int(V ) foliate int(V ) by
meridian disks.
We will use a finite energy foliation of R × V in the proof of Theorem 8.1.2
(2)–(4). However, the contact form used there is a small perturbation αV of α, and
for this reason we need to show that Z0 persists if α and J0 are deformed.
Proposition 8.4.5. If αV is the C
∞-small perturbation of α from Lemma 8.1.1,
then there is a finite energy foliation Z1 of (R × V, d(esαV )) which is isotopic to
Z0 by the lift to R× V of an isotopy of V relative to the boundary.
Proof. A leaf u ofZ0, considered as a J0-holomorphic map with a constrained end,
has Fredholm index one and is automatically transverse by Theorem 8.4.2. Indeed,
by Lemma 8.4.3, the index of u, as a J0-holomorphic map with constrained end, is
equal to the index of a Jε-holomorphic plane uε which limits to a hyperbolic orbit
h (i.e., the minimum of the Morse-Bott family) on the boundary for a perturbed
contact form. If τ is the trivialization of ξ along h given by ξ∩T∂V , then χ(D2) =
1, c1(u
∗
εξ, τ) = 1, µτ (h) = 0, and therefore ind(u) = ind(uε) = 1. The same leaf
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u, considered as a J0-holomorphic map with an unconstrained end, has Fredholm
index two and is also automatically transverse.
Let M0 be the 2-dimensional moduli space of J0-holomorphic planes which
are leaves of Z0. By the unconstrained automatic transversality, if we perturb α
and the almost complex structure J0 slightly, then each leaf of Z0 is deformed to
a J-holomorphic curve for the new almost complex structure J and the spaceM1
of deformed J-holomorphic curves is diffeomorphic to M0. On the other hand,
the constrained automatically transversality implies that for each Reeb orbit in ∂V
there is exactly one R-invariant family of J-holomorphic maps in M1 positively
asymptotic to that orbit.
The maps in M1 are embeddings because embeddedness is an open condition
and the exponential decay estimates imply that no self-intersection can be created
near infinity. Moreover, the relative intersection number of their images is zero and
by the positivity of intersections, their images are pairwise disjoint, so they define
a finite energy foliation Z1 of R× V . 
Now we discuss a finite energy foliation Z2 on a completed interpolating cobor-
dism (R × T 2 × [1, 2], λ) between two contact forms satisfying Equation (6.1.1).
In the case of a symplectization this foliation was constructed by Wendl [We].
We assume that every slice {s}×T 2×[1, 2] is a contact type hypersurface; Then
we can write λ = esαs, where αs is a contact form on {s} × T 2 × [1, 2] given by
Equation (6.1.1) for pairs of functions (fs, gs)which depend on s and y. The forms
αs will define a 2-plane field ξ and a vector fieldR onR×T 2× [1, 2] which restrict
to the contact structure and the Reeb vector field on each slice {s} × T 2 × [1, 2].
In particular, R is tangent to the tori {s} × T 2 × {y}. Moreover we assume that
αs is constant in s near R× T 2 × {1, 2} and that R is parallel to ∂t when y = 1, 2
and not parallel to it otherwise. Finally, we assume that the tori {s} × T 2 × {1}
and {s} × T 2 × {2} are foliated by Morse-Bott families N1 and N2 respectively
for each s, where N1 is negative and N2 is positive.
We take an almost complex structure J on R × T 2 × [1, 2] with coordinates
(s, ϑ, t, y) so that the following hold:
• J is adapted to λ;
• J is invariant in the s-direction on the cylindrical ends of the cobordism;
• J is invariant in the ϑ, t-directions;
• J(∂s) = R; and
• J sends ∂y ∈ ξ to the tangent space to {s} × T 2 × {y}.
For the existence of such an almost complex structure we need to verify that the
plane distribution generated by ∂s and R is dλ-symplectic, and that ∂y belongs to
its dλ-orthogonal. The first property is guaranteed if αs varies sufficiently slowly
is s, while the second property follows from the fact that αs(∂y) = 0 everywhere.
Finally, the symmetries of J reflect the symmetries of the forms αs.
Lemma 8.4.6. Let (R× T 2 × [1, 2], λ) be an exact symplectic cobordism with an
adapted almost complex structure J as above. Then there is a 2-dimensional family
Z2 of holomorphic cylinders Zs,ϑ on R×T 2× [1, 2], for (s, ϑ) ∈ R×R/Z, which
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foliate R× int(T 2× [1, 2]) and project to cylinders ϑ = const in int(T 2× [1, 2]).
Each cylinder Zs,ϑ is positively asymptotic to a Reeb orbit in N2 and negatively
asymptotic to a Reeb orbit in N1.
Proof. Let us write v = J(∂y). Our conditions on J and R imply that ∂t =
a(s, y)v+ b(s, y)R with b(s, y) 6= 0 everywhere and a(s, y) = 0 only when y = 1
or y = 2, in which case ∂a∂y
∣∣∣
y=0,1
6= 0. Then J(∂t) = −a(s, y)∂y − b(s, y)∂s. The
vector fields ∂t and Y (s, y) = a(s, y)∂y + b(s, y)∂s span a J-invariant 2-plane
distribution on R × T 2 × [1, 2]. Since a and b do not depend on t and ϑ, this
distribution is integrable and every integral submanifold in R × T 2 × [1, 2] is the
product of R/Z with coordinate t and an integral curve of Y on the strip R× [1, 2].
The functions a and b are bounded in R× [0, 1] because ∂a∂s
∣∣
|s|≫0
= ∂b∂s
∣∣
|s|≫0
=
0. This implies that Y is complete. Moreover, the maximal integral curves of Y on
R × (1, 2) project diffeomorphically onto (1, 2) and have vertical asymptotes for
y → 1 and y → 2 because a(s, y) 6= 0 when y 6= 1, 2. 
Lemma 8.4.7. Let us,ϑ : R×S1 → R×T 2×[1, 2] be a J-holomorphic map which
parametrizes the holomorphic cylinder Zs,ϑ. Then (us,ϑ,P) satisfies automatic
transversality if #PU ≥ 1.
Proof. By Theorem 8.4.2,
ind(us,ϑ,P) = µτ (γ2,P,+) − µτ (γ1,P,−),
where γi ∈ Ni, so ind(us,ϑ,P) = 2 −#Γ0(us,ϑ,P) by Lemma 8.4.3. Hence the
condition for automatic transversality in Theorem 8.4.2 holds if#Γ0(us,ϑ,P) < 2.
Both the constrained negative end atN1 and the constrained positive end atN2 are
even and the lemma follows. 
8.4.3. Constraints on holomorphic curves. Finite energy foliations constrain J-
holomorphic maps with the same asymptotics. The following lemma describes
an instance of this phenomenon. A similar situation has also been considered in
Wendl [We4].
Lemma 8.4.8. Let P be a compact oriented surface and α a Morse-Bott contact
form on S1 × P such that S1 × ∂P is a union of Morse-Bott tori and {ϑ} × ∂P
is a union of Reeb orbits for each ϑ ∈ S1. If R × S1 × P has a finite energy
foliation Z on which R × S1 acts freely and transitively and such that every leaf
projects diffeomorphically to int(P ), then every somewhere injective finite-energy
J-holomorphic map u : F → R × S1 × P with no ends at a Reeb orbit in S1 ×
int(P ) is a leaf of Z .
Proof. Let Zs,ϑ be the leaves of Z parametrized by (s, ϑ) ∈ R×S1. Suppose first
that there is a leaf Zs0,ϑ0 such that u(F ) ∩ Zs0,ϑ0 6= ∅ and which is asymptotic to
different Reeb orbits than u. The intersection points in u(F ) ∩ Zs0,ϑ0 are isolated
and positive. However u(F )∩Zs′0,ϑ0 = ∅ if s′0 is sufficiently large, a contradiction.
Hence there exists some ϑ0 ∈ S1 such that u(F ) ⊂ ∪s∈RZs,ϑ0 and the leaves Zs,ϑ0
are asymptotic to the same Reeb orbits as u. If u(F ) is not contained in a leaf, this
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forces the intersection u(F )∩Zs0,ϑ0 to be one-dimensional for some s0 ∈ R. This
is too large an intersection, and the unique continuation for J-holomorphic maps
[McDS, Theorem 2.3.2] implies that u(F ) is a leaf of Z . 
Remark 8.4.9. The proof of Lemma 8.4.8 goes through unchanged for the foliation
Z2 constructed in Lemma 8.4.6, even though the curves Zs,ϑ and Zs′,ϑ are not
translations of one another unless (R×T 2× [1, 2], λ) is a symplectization. In fact,
they still project to the same annulus in T 2 × [1, 2] and, given any point in that
annulus, their preimages x ∈ Zs,ϑ and x′ ∈ Zs′,ϑ become arbitrarily far apart in
the s-coordinate when |s′ − s| → +∞. These properties of the foliation Z2 are
sufficient to make the proof of Lemma 8.4.8 work.
8.5. Completion of proof of Theorem 8.1.2. In this subsection we prove (2)–(4)
of Theorem 8.1.2.
(2) The inclusion ECC(int(V ), αV ) ⊂ ECC♯(V, αV ) is an inclusion of chain
complexes since no J-holomorphic curve in R×V with all positive ends in int(V )
can have a negative end on ∂V by the Trapping Lemma. Moreover, the map
ECC♯(V, αV )→ ECC(int(V ), αV ),
γ 7→ 0, h′γ 7→ γ,
where γ is an orbit set constructed from orbits in int(V ), induces an isomorphism
of complexes
ECC♯(V, αV )/ECC(int(V ), αV ) ≃ ECC(int(V ), αV ).
This is due to the fact that h′ is a hyperbolic orbit and appears with exponent at
most one in a generator of ECC♯(V, αV ). From this we have an exact triangle
ECH(int(V ), αV ) // ECH(int(V ), αV )
uu❧❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
ECH♯(V, αV )
ii❘❘❘❘❘❘❘❘❘❘❘❘❘
which splits according to homology classes in H1(V ). Then Proposition 8.3.2
implies that ECH♯(V, αV , n[S
1]) = 0 when n 6= 0.
It remains to show that ECH♯(V, αV , n[S
1]) ≃ 0 for n = 0. Its chain complex
ECC♯(V, αV , 0) is generated by h
′ and∅. We claim that ∂h′ = ∅. By Proposition
8.4.5, there is a finite energy foliation Z1 on (R × V, d(esαV )), whose leaves
(in R × int(V )) are J-holomorphic planes which are positively asymptotic to the
Morse-Bott family on ∂V . This foliation constrains the J-holomorphic curves
that limit to orbits on ∂V at the positive ends. Indeed, by Lemma 8.4.8, every
holomorphic curve which is positively asymptotic to a simple Reeb orbit on ∂V and
has no negative ends must be a plane in Z1. The leaves of Z1 also contribute to the
differential of ECC(V, αV ) since they are automatically transverse by Theorem
8.4.2. Hence ∂h′ = ∅, which implies the vanishing of ECH♯(V, αV , 0).
(3) We define a filtration F on ECC(V, αV ) as follows: Given an orbit set
(e′)mγ, where γ does not have any e′-terms, we set
F((e′)mγ) = m.
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This defines an ascending filtration of chain complexes: since J-holomorphic maps
to R×V can have only positive ends at e′ by the Trapping Lemma, the differential
of ECC(V, αV ) cannot increase the exponent of e
′. The E1-term of the associated
spectral sequence is isomorphic to ECH♯(V, αV ) at each filtration level. By (1),
ECH♯(V, αV ) = 0, and the spectral sequence converges to 0.
(4) The restriction of F to ECC♭(V, αV ) induces a filtration on ECC♭(V, αV )
which we still denote by F . The E1-term of the spectral sequence for F is isomor-
phic to
∞⊕
m=0
ECH(int(V ), αV ) · (e′)m.
Since ECH(int(V ), αV ) ≃ F{∅} by Theorem 8.1.2, the E1-term of the spec-
tral sequence is F[e′]. All higher differentials vanish for degree reasons: recall
that ECH has a Z/2 grading in which generators with no hyperbolic orbits have
even grading. Hence E1 = E∞ is the graded group of the induced filtration on
ECH♭(V, αV ). Since the filtration F on ECC♭(V, αV ) is bounded below and
exhaustive, the spectral sequence converges by [W, Theorem 5.5.5] and therefore
ECH♭(V, αV ) ≃ F[e′].
9. PROOF OF THEOREM 1.1.1
In this section we prove Theorem 1.1.1. The proof was greatly influenced by
Michael Hutchings, who encouraged us to look for an appropriate filtration.
9.1. Intuitive idea behind Theorem 1.1.1. We briefly explain the intuitive idea
behind Theorem 1.1.1. We recall that M denotes a connected, closed, oriented
three-manifold and K is a null-homologous knot in M . Suppose for the moment
that the contact form α on M , in a neighborhood V ≃ D2 × S1 of K , is given
by Example 6.2.3. In other words, the concentric tori Tρ ⊂ V , ρ 6= 0, are foliated
by Reeb orbits of irrational slope 1ν . We would like to take the limit as ν → 0;
in the limit ∂V is foliated by Reeb orbits of slope ∞. Let us write N = M −
int(V ). There should be a one-to-one correspondence, modulo R-translations,
between holomorphic curves u in R × M of ECH index 1 which intersect the
binding k times, and holomorphic curves u′ in R×N of ECH index 1 which have
negative ends at an elliptic orbit e of slope∞ with total multiplicity k. Also, as we
take δ → 0, the Conley-Zehnder index of the binding, measured with respect to
the longitudinal framing on V , i.e., the framing given by a Seifert surface Σ forK ,
goes to∞. This suggests that we should be able to effectively ignore the binding
if we could take the limit.
The actual proof — at least the one we could find — is considerably more com-
plicated, and uses three ingredients: (i) the calculation of ECH on the solid torus
from Section 8, (ii) some understanding of holomorphic curves that project to a
neighborhood of K , and (iii) a filtration on ECC(M).
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9.2. Description of the contact forms. We start with a description of the contact
forms and their Reeb orbits on M that we use in the proof of Theorem 1.1.1. We
fix a neighborhood V ≃ D2 × S1 of K and decompose M as
M = N ∪ (T 2 × [1, 2]) ∪ V.
Since K is an oriented null-homologous knot, there is a properly embedded ori-
ented surface S ⊂ N whose boundary ∂S ⊂ ∂V is a longitude for K . On
V we choose cylindrical coordinates (ρ, φ, θ) such that ∂V = {ρ = 1} and
∂S = {ρ = 1, φ = φ0}. On T 2× [1, 2] ≃ (R2/Z2)× [1, 2] we choose coordinates
(ϑ, t, y) such that (ϑ, t, 2) is identified with (ρ, φ, θ) = (1, 2πt, 2πϑ) ∈ ∂V . We
identify a neighborhood of ∂N in N with T 2 × [0, 1] so that ∂N = T 2 × {1} and
the coordinates (ϑ, t, y) on T 2 × [0, 1] extend those on T 2 × [1, 2]; similarly we
identify a neighborhood of ∂V in V with T 2 × [2, 52 ].
We will work with an increasing sequence Li → +∞ and a sequence of Morse-
Bott contact forms αi onM such that:
• αi|N is a fixed Morse-Bott contact form α which is nondegenerate on
int(N) and its Reeb vector field is positively transverse to S;
• αi|T 2×[1,2] is a contact form αδi as in Example 6.1.2 which is chosen so
that all the Reeb orbits in T 2 × (1, 2) have action larger than Li; and
• αi|V = cδiαV for a fixed contact form αV constructed as in Lemma 8.1.1
and a decreasing sequence cδi which is bounded above by 1 and bounded
below by a positive constant.
We also assume the following technical condition:
• there is a decreasing sequence ǫi → 0 such that αi agrees with αi+1 on
N ∪ (T 2 × [1, 1 + ǫi]) and with a constant positive multiple of αi+1 on
V ∪ (T 2 × [2− ǫi, 2]).
We will refer to T 2 × (1, 2) as the no man’s land.
The contact form α on N can be constructed using the techniques developed in
[CH] and [CGHH]. The construction is described in Section 9.3.1 in the special
case where K is the binding of an open book decomposition of M and N is the
mapping torus of a diffeomorphism of S.
The contact forms αi are Morse-Bott and all the Morse-Bott tori are of the form
T 2 × {y} with y ∈ [1, 2]. In particular, ∂N = T 2 × {1} is foliated by a negative
Morse-Bott family N1 and ∂V = T 2 × {2} by a positive Morse-Bott family N2.
Both families have infinite slope, i.e., the Reeb orbits on both tori are meridians of
K .
We construct Li-nondegenerate contact forms α
′
i = fiαi, where the perturbing
functions fi are as in Section 4.5. We choose fi so that the Morse-Bott family N1
corresponding to ∂N is perturbed into an elliptic orbit e and a hyperbolic orbit h,
the Morse-Bott familyN2 corresponding to ∂V is perturbed into a hyperbolic orbit
h′ and an elliptic orbit e′, no new closed orbits with action less than Li are created,
and fi ≡ 1 in a neighborhood of all nondegenerate Reeb orbits of αi with action
less than Li.
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For all i we choose regular almost complex structures Ji adapted to αi and J
′
i
adapted to α′i such that all the Ji are fixed on the contact structure outside T
2 ×
[1− ǫi, 2 + ǫi] and J ′i is an arbitrarily small perturbation of Ji.
We will also consider interpolating cobordisms (R ×M, λ̂i) from (M,αi) to a
rescaling of (M,αi+1) and (R×M, λ̂′i) from (M,α′i) to a rescaling of (M,α′i+1).
By construction, λ′i is an arbitrarily small perturbation of λi. We fix compatible
almost complex structures Ĵi on (R×M, λ̂i) and Ĵ ′i on (R×M, λ̂′i) such that they
are both regular and Ĵ ′i is an arbitrarily small perturbation of Ĵi.
We assume that the perturbing functions are close enough to 1 that the following
hold:
(MB1) For k = 1, 2, if γ+ and γ− are generators of ECC
Li(M,α′i) and u ∈
MI=kJ ′i (γ+, γ−), then there is a corresponding u∞ ∈ M
MB,I=k
Ji
(γ+, γ−).
(MB0) If γ+ and γ− are generators of ECC
Li(M,α′i) and ECC
Li+1(M,α′i+1),
respectively, and u ∈ MI=0
Ĵ ′i
(γ+, γ−), then there is a corresponding u∞ ∈
MMB,I=0
Ĵi
(γ+, γ−).
Recall from Definition 4.2.1 that MMBJ (γ+, γ−) denotes the set of Morse-Bott
J-holomorphic buildings from γ+ to γ−.
For reference we enumerate the main properties of the Reeb vector fields of the
contact forms αi and their perturbations α
′
i:
(1) αi is Morse-Bott and α
′
i is Li-nondegenerate.
(2) Rαi is positively transverse to S ⊂ N and the meridian disks in int(V ).
(3) αi|N = α and αi|V = cδiαV , where the sequence cδi is decreasing,
bounded above by 1 and bounded below by a positive constant and the
contact form αV is constructed as in Lemma 8.1.1.
(4) αi and αi+1 coincide on N ∪ (T 2 × [1, 1 + ǫi]) and are constant multiples
of one another on V ∪ (T 2 × [2 − ǫi, 2]), where ǫi → 0 is a decreasing
sequence.
(5) The Reeb orbits of αi in the no man’s land come in Morse-Bott families of
large negative slope and their action is bounded below by Li.
(6) There are concentric solid tori V0 ⊂ V1 ⊂ · · · ⊂ V such that ∂Vj , j =
0, 1, . . . , is foliated by dense Reeb orbits of irrational slope rj > 0 with
lim
j→∞
rj = +∞ for any contact form αi.
(7) ∂N is foliated by a negative Morse-Bott family N1 of Reeb orbits of αi
of slope ∞. After perturbation, N1 becomes a pair of orbits e and h.
Their Conley-Zehnder indices with respect to the framing coming from
∂N (given by T (∂N) ∩ ξ) are µ(e) = −1 and µ(h) = 0.
(8) ∂V is foliated by a positive Morse-Bott family N2 of slope∞. After per-
turbation, N2 becomes a pair of orbits e′ and h′. Their Conley-Zehnder
indices with respect to the framing coming from ∂V are µ(e′) = 1 and
µ(h′) = 0.
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9.3. Construction of the contact forms. In this subsection we construct the con-
tact forms αi when K is the binding of an open book decomposition. In this case
N is the mapping torus of a diffeomorphism h : S → S such that h |∂S = id. This
means that
N = (S × [0, 1])/(x, 1) ∼ (h(x), 0),
where x ∈ S and t is the coordinate for [0, 1]. Using the coordinates (θ, φ) from
Section 9.2 we identify the isotopy classes of simple closed curves in ∂N (and in
all parallel tori) with rational numbers so that the meridian has slope ∞ and ∂S
has slope 0.
Remark 9.3.1. The above slope convention is the same as the usual surgery con-
vention for performing surgery along the binding.
9.3.1. Construction of the contact form on N . We take a 1-form β on S such that
ω = dβ is a positive area form on S and β = cydθ in a neighborhood N(∂S) ⊂ S
of ∂S. Here c > 0 is a small constant andN(∂S) is identified with [1−δ, 1]×R/Z
with coordinates (y, θ).
We assume that the diffeomorphism h : S
∼→ S satisfies h |N(∂S) = id. Let
Symp(S, ∂S, ω) be the group of symplectomorphisms of (S, ω) which restrict to
the identity on a neighborhood of ∂S. By Moser’s lemma, there is an isotopy of
h relative to ∂S so that the resulting diffeomorphism — also called h by abuse of
notation — is in Symp(S, ∂S, ω).
Lemma 9.3.2 (Giroux). Given h ∈ Symp(S, ∂S, ω), there exists an isotopy ht,
t ∈ [0, 1], in Symp(S, ∂S, ω) so that h0 = h and h∗1β − β = df for some positive
function f on S.
Proof. Let µ = h∗β − β and let Y be the vector field which satisfies iY ω = −µ.
By the Cartan formula, we compute that LY ω = iY dω + d(iY ω) = −dµ = 0 and
LY µ = iY dµ+d(iY µ) = 0. Hence the flow φt of Y preserves ω and µ. Moreover,
φt is equal to the identity near ∂S, where we have µ = 0.
Now let ht = h ◦ φt. We then compute that:
d
dt
h
∗
t β = φ
∗
t (LY h∗β) = d(φ∗t (iY h∗β)) + φ∗t (iY d(h∗β))
= dgt + φ
∗
t (iY ω) = dgt − φ∗tµ = dgt − µ,
where gt = φ
∗
t (iY h
∗β). Hence
(9.3.1)
d
dt
h
∗
t β = dgt + β − h∗β.
By integrating Equation (9.3.1), we obtain h∗1β − β = df , where f =
∫ 1
0 gtdt+C
for a sufficiently large constant C . 
By Lemma 9.3.2 we assume that h ∈ Symp(S, ∂S, ω) satisfies h∗β − β = df .
Next we construct a contact form on N whose corresponding Reeb vector field is
transverse to the fibers and has first return map h .
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Lemma 9.3.3. Let h be a diffeomorphism in Symp(S, ∂S, ω) which satisfies h∗β−
β = df for some function f on S. Then there is a contact form α = ftdt+βt onN ,
where ft is a family of positive functions on S and βt is a family of 1-form on S, so
that the corresponding Reeb vector field Rα is transverse to all the fibers S × {t}
and h is the first return map of Rα.
For a more complete discussion of the realizability of surface symplectomor-
phisms as the first return map of a Reeb vector field, we refer the reader to [CHL].
Proof. Consider the 1-form α = ftdt + βt on S × [0, 1], where ft is to be deter-
mined, β0 = β, β1 = h
∗β, and
βt = χ(t)β1 + (1− χ(t))β0
interpolates between β0 and β1. Here we take χ : [0, 1]→ [0, 1], so that χ(0) = 0,
χ(1) = 1, dχdt (t) = χ˙(t) ≥ 0, and χ is constant near 0 and 1.
Using the condition h∗β − β = dSf , we verify that the 1-form β˙t is exact on S:
β˙t = χ˙(t)(β1 − β0) = χ˙(t)(dSf) = dS(χ˙(t)f).
Here dS is the exterior derivative on S. We then take ft = χ˙(t)f + c, where c is an
arbitrary positive constant such that ft > 0 (and is different from the c in β = cydθ
from the beginning of Section 9.3.1). Then β˙t = dSft. Since χ is constant near
t = 0 and t = 1, ft is also constant, and so is βt. In particular, we have h
∗f1 = f0.
We now compute that
dα = dSft ∧ dt+ dSβt + dt ∧ β˙t = dSft ∧ dt+ ω + dt ∧ dSft = ω.
Hence α is a contact form, its Reeb vector field is parallel to ∂t on S × [0, 1], and
its first return map is h . 
Now we make a slight modification to α so that ∂N becomes a negative Morse-
Bott family — one that behaves like a sink for J-holomorphic maps in R×N .
On T1 = ∂N , the germ of α is given by f(y)dt + g(y)dθ, where f(y) = C
and g(y) = cy. Here c > 0 is a small constant and C > 0 is a large constant. We
extend α to T 2 × [1, 1 + ε] by extending (f(y), g(y)) to y ∈ [1, 1 + ε] as follows:
(1) (f(y), g(y)) satisfies Equation (6.1.2).
(2) (f(y), g(y)), y ∈ [1, 1 + ε], is close to (f(1), g(1)).
(3) (f(y), g(y)) = (f(1+ ε) + (y− (1+ ε))2, g(1 + ε) + (y− (1+ ε))) near
y = 1 + ε.
See Figure 4. In particular, Condition (3) implies that (f ′(1 + ε), g′(1 + ε)) is
parallel to (0, 1). Hence T1+ε is foliated by a Morse-Bott family of Reeb orbits of
slope∞. We write α for the extension of α to N ∪ (T 2 × [1, 1 + ε]).
We now consider the deformation retract
φ : N ∪ (T 2 × [1, 1 + ε]) ∼→ N,
obtained by flowing along the vector field X = −a(y)∂y , where a(y) = 1 on
T 2 × [1, 1 + ε] and damps out to zero on T 2 × [1− ε, 1]. Finally, we perturb φ∗α
on N so that all Reeb orbits in int(N) become nondegenerate, while keeping ∂N
Morse-Bott. The resulting form will be called α in the rest of the paper.
EMBEDDED CONTACT HOMOLOGY AND OPEN BOOK DECOMPOSITIONS 59
(f(1), g(1))
f
g
(f(1 + ε), g(1 + ε))
FIGURE 4. Trajectory of (f(y), g(y)). The f -axis and g-axis do
not necessarily intersect at (0, 0) in this figure.
9.3.2. Extension toM . The contact form α has the form
α = (b+ (y − 1))dθ + (a+ (y − 1)2)dt
in some collar T 2× [1− ǫ, 1] of ∂N . Here ǫ is different from the ε in Section 9.3.1.
Choose a decreasing sequence of irrational numbers δi → 0 and a contact form
αδi on T
2× [1, 2] for each i as in Example 6.1.2 with f(1) = a and g(1) = b. Then
α onN and αδi on T
2× [1, 2] glue to a smooth contact form onN ∪ (T 2× [1, 2]).
Moreover, there is an increasing sequence Li → +∞ such that all Reeb orbits of
αδi in T
2 × (1, 2) have action greater than Li.
Fix a contact form αf,g on V ≃ D2 × S1 as in Example 6.2.4. For each i, a
multiple of αf,g glues smoothly to the contact form αδi on T
2 × [1, 2]. Let cδi be
the scaling factor. Then αδi glues smoothly also to cδiαV , where αV is the contact
form obtained by applying the construction of Lemma 8.1.1 to αf,g. By putting all
three pieces together we obtain the contact forms αi onM .
9.4. The filtrations Fi. For each i we define a filtration Fi on ECCLi(M,α′i).
We first identify ECCLi(M,α′i), as a vector space, with a subspace of
ECC(V, αV )⊗ ECC(N,α).
This is possible because the Reeb orbits of α′i in the no man’s land have ac-
tions greater than Li and those in V coincide with the Reeb orbits of αV , up to
reparametrization. The generators of ECCLi(V, α′i) will be denoted by γ ⊗ Γ,
where γ ∈ ECC(V, αV ) and Γ ∈ ECC(N,α). Choose an identification
η : H1(V ;Z)
∼→ Z
so that the homology class of the null-homologous knot K is mapped to 1. Then
we define the ascending filtration Fi : ECCLi(M,α′i)→ Z≥0 as follows:
Fi
(∑
n
γn ⊗ Γn
)
= max
n
η([γn]).
We define Fpi as Fpi = {x ∈ ECCLi(M,α′i) : Fi(x) ≤ p}. Note that these
filtrations are uniformly bounded below because Fpi = 0 for p < 0.
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Lemma 9.4.1. Let u : F → R×M be a J ′i-holomorphic map which is asymptotic
to γ ⊗ Γ at the positive end and to γ′ ⊗ Γ′ at the negative end. Then
Fi(γ ⊗ Γ) ≥ Fi(γ′ ⊗ Γ′).
Proof. By (MB1) there is a Ji-holomorphic Morse-Bott building from γ ⊗ Γ to
γ′⊗Γ′. Let u : F → R×M be the holomorphic part of this building —which may
be disconnected because αi is not necessarily nice — and denote the projection to
M by uM .
We will use the tori Tn = ∂Vn in V from Lemma 8.1.1 to constrain the ends
of u. We recall that Tn is foliated by dense Reeb orbits of irrational slope rn with
rn → +∞. Let δn be the homology class of uM (F )∩Tn, oriented as the boundary
of uM (F ) ∩ Vn. If n is sufficiently large, then all the orbits in γ and γ′ that are
not in the Morse-Bott family on ∂V are contained in Vn. Hence the sequence δn is
constant for n≫ 0 and η(δn) = η(γ′)− η(γ).
Regarding both δn and rn as homology classes in H1(Tn;R) and orienting Tn
as the boundary of Vn, for n ≫ 0 we obtain δn · rn ≥ 0 by the positivity of
intersections in dimension three (Lemma 5.2.2). Taking the limit n → ∞ and
using the fact that the sequence rn converges to the slope of the Reeb vector field
on ∂V , we obtain η(δn) ≤ 0 for n≫ 0. This implies Fi(γ⊗Γ) ≥ Fi(γ′⊗Γ′). 
Corollary 9.4.2. The differential of ECCLi(M,α′i) respects the filtration Fi.
For each i the filtration Fi induces a spectral sequence Er(Fi) which con-
verges to ECHLi(M,α′i). The terms E
0(Fi) correspond to the graded com-
plexes associated to Fi and can be identified (as vector spaces) with subspaces
of ECC(V, αV ) ⊗ ECC(N,αN ). The differential ∂0 on E0(Fi) is the filtration-
preserving component of the differential on ECCLi(M,α′i). Every sheet E
r(Fi)
has a grading coming from Fi, and the component in degree p of Er(Fi) will be
denoted by Erp(Fi).
9.5. Description of the differential on E0(Fi). In this subsection we compute
the differential ∂0 on E
0(Fi) using Morse-Bott techniques. This is possible, in
spite of the fact that the contact forms αi are not necessarily nice, because of the
following lemma.
Lemma 9.5.1. Let u˜ be a Morse-Bott building from γ ⊗ Γ to γ′ ⊗ Γ′ in the sym-
plectization of (M,αi) and let u be its holomorphic part. If u has a positive end at
∂N or a negative end at ∂V , then Fi(γ′ ⊗ Γ′) < Fi(γ ⊗ Γ).
Proof. We recall that K denotes the core of V and that S ⊂ N is a properly
embedded surface such that ∂S defines a longitude of K . In the case of an open
book decomposition K is the binding and S is a page.
Let U ≃ T 2 × [1 − ǫ, 2 + ǫ] ⊂ M be a small neighborhood of the no man’s
land T 2 × [1, 2] such that u has no ends at Reeb orbits intersecting U , except at
orbits in N1 or N2. Assume without loss of generality that the ends of u limit to
distinct orbits η1, . . . , ηn. Then we let Uk be a small tubular neighborhood of ηk
for k = 1, . . . , n and let U = U− (U1∪ . . .∪Un). LetBk = −∂Uk, k = 1, . . . , n,
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B0 = (∂U )∩V , and Bn+1 = (∂U )∩N . We orient each Bk, for k = 0, . . . , n+1,
using the boundary orientation of U .
On each Bk, k = 0, . . . , n + 1, we choose an oriented basis of curves (µk, νk)
as follows: On B0 and Bn+1 we choose µ0 and µn+1 so that they are longitudes
of K coming from S and ν0 and νn+1 so that they are meridians of K . On each
Bk, k = 1, . . . , n, we choose νk so that it is the longitude of the Reeb orbit in Uk
induced by the Morse-Bott torus (which is either ∂N or ∂V ) and µk so that it is a
meridian of Uk. The curves νk, k = 0, . . . , n + 1, are oriented by the vector field
∂t and the curves µk, k = 0, . . . , n+ 1, are oriented by µk · νk = 1.
By abuse of notation we identify the oriented curves µk and νk with their ho-
mology classes in H1(U ;Z). With this convention ν0 = ν1 = · · · = νn+1 and
µ0+µ1+ · · ·+µn+1 = 0. Moreover these relations generate the kernel of the map
n+1⊕
k=0
H1(Bk;Z)→ H1(U ;Z)
induced by the inclusion. Let C = Im(uM ) ∩ U . Then ∂C = δ0 + . . . + δn+1,
where δk ⊂ Bk is given the orientation induced by C . We will view δk either as an
element of H1(Bk;Z) or as an element of H1(U ;Z). Then δ0 + . . .+ δn+1 = 0 in
H1(U ;Z). For each k we write δk = akµk + bkνk.
By the Trapping Lemma and the positivity of intersections in dimension three,
we have δk · νk ≥ 0, k = 1, . . . , n, because the curves νk can be represented by
Reeb orbits. (Here we are using a variation of Lemma 5.2.2 which is an immediate
consequence of the positivity of intersections in dimension four.) Then, for all
k = 1, . . . , n, ak ≥ 0; moreover, if δk corresponds either to a positive end at T1 or
to a negative end at T2, then ak > 0. The relations in H1(U ;Z) among the curves
µk and νk imply that a0 = . . . = an+1, so a0 > 0 if u has either a positive end at
∂N or a negative end at ∂V . Then
a0 = η(γ) − η(γ′) = Fi(γ ⊗ Γ)−F(γ′ ⊗ Γ′) > 0
and this proves the lemma. 
Corollary 9.5.2. Let γ ⊗ Γ and γ′ ⊗ Γ′ be generators of ECCLi(M,α′i). If
Fi(γ ⊗ Γ) = Fi(γ′ ⊗ Γ′) and u˜ is a Morse-Bott building with I(u˜) = 1 in the
symplectization of (M,αi) from γ ⊗ Γ to γ′ ⊗ Γ′, then the holomorphic part of u˜
has at most one nontrivial irreducible component.
Proof. Let u be the holomorphic part of u˜. By Lemma 9.5.1, all ends of u at ∂N
are negative and all ends of u at ∂V are positive. Then the structure of u˜ is simple
enough that the argument of Lemma 7.1.2 implies that u has a unique irreducible
component which is not a connector. 
Corollary 9.5.2 implies that, for the purpose of computing the differential ∂0 of
E0(Fi), we can use Morse-Bott theory as if the contact forms αi were nice.
In order to describe the differential concisely we introduce the following nota-
tion. Given two orbit sets γ′ =
∏
γ
m′i
i and γ =
∏
γmii (in multiplicative notation),
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we set γ/γ′ =
∏
γ
mi−m′i
i if m
′
i ≤ mi for all i; otherwise we set γ/γ′ = 0. We
also call T1 = ∂N and T2 = ∂V .
We now prove the following lemma, which describes the differential ∂0 on E
0
in some detail:
Lemma 9.5.3. After identifying E0(Fi), as a vector space, with a subspace of
ECC(V, αV )⊗ ECC(N,α), the differential ∂0 is given by:
(9.5.1) ∂0(γ ⊗ Γ) = (∂V γ)⊗ Γ + (γ/e′)⊗ hΓ + (γ/h′)⊗ eΓ + γ ⊗ (∂NΓ).
Here γ is an orbit set of V ; if h divides Γ, then hΓ is understood to be 0; and ∂X
is the differential on the subset X ⊂M .
Proof. Corollary 9.5.2 and Proposition 4.4.7 imply that ∂0 on E
0(Fi) can be com-
puted by counting I = 1 very nice Morse-Bott buildings in the symplectization of
(M,αi) which do not decrease the filtration level.
The differential ∂0 does not count holomorphic curves which cross R × T1 =
R×∂N or R×T2 = R×∂V : Indeed, if u is a holomorphic curve which contributes
to ∂0 and uM its projection toM , then the homology classes [Im(uM ) ∩ T1±ε] ∈
H1(T1±ε) and [Im(uM ) ∩ T2±ε] ∈ H1(T2±ε) (for ε > 0 small) have slope ∞,
and we apply the Blocking Lemma (Lemma 5.2.3(2)). This still allows for the
possibility of curves that are negatively asymptotic to orbits of T1 or positively
asymptotic to orbits in T2. (Curves which are positively asymptotic to orbits of
T1 or negatively asymptotic to orbits of T2 are ruled out by Lemma 9.5.1 because
they have been shown to decrease the filtration level.) Such curves are contained
in R × V , R × T 2 × [1, 2], or R × N by a combination of the Trapping Lemma
(Lemma 5.3.2) and the Blocking Lemma (Lemma 5.2.3).
Curves in R × V contribute to the term (∂V γ) ⊗ Γ, while curves in R × N
contribute to γ ⊗ ∂N (Γ). Note that there are two cylinders from e′ to h′ and two
cylinders from h to e corresponding to gradient trajectories on N2 and N1; these
give ∂0(e
′ ⊗ 1) = 0 and ∂0(1⊗ h) = 0.
Next we consider curves in R × int(T 2 × [1, 2]). By Lemma 8.4.8, the only
somewhere injective curves in R × int(T 2 × [1, 2]) are the cylinders Zs,θ defined
in Lemma 8.4.6. (Remember that we are ignoring the curves which are asymp-
totic to the orbits in int(T 2 × [1, 2]) because they have action larger than Li.) By
Lemma 8.4.7, the cylinders Zs,θ satisfy automatic transversality as long as at least
one of the ends is treated as unconstrained. Branched covers of Zs,θ of degree
> 1 are not counted in the differential since they have I > 1 (after augmenting
them with cylinders corresponding to gradient trajectories). Modulo translations in
the s-direction, there is a unique I = 1 Morse-Bott building from h′ to e, which
gives the term (γ/h′) ⊗ eΓ, and a unique I = 1 Morse-Bott building from e′ to
h, which gives the term (γ/e′) ⊗ hΓ (adding trivial cylinders to these buildings
does not change their ECH index because they satisfy the admissibility conditions
(Equations (23) and (24)) from [Hu, Proposition 7.1]). 
9.6. Direct limit. In this subsection we use a direct limit argument to exclude the
Reeb orbits in the no man’s land from the complex computing ECH(M). The
EMBEDDED CONTACT HOMOLOGY AND OPEN BOOK DECOMPOSITIONS 63
limit will be compatible with the filtrations Fi, so the end result will be a spectral
sequence Er converging to ECH(M). The following lemma is immediate from
Corollary 3.2.3 and the construction of the contact forms α′i.
Lemma 9.6.1. For an appropriate choice of contact forms α′i and action thresholds
Li, we have
ECH(M) = lim
i→∞
ECHLi(M,α′i).
The direct limit is taken with respect to maps
Φi : ECH
Li(M,α′i)→ ECHLi+1(M,α′i+1)
induced by interpolating cobordisms via Lemma 3.1.7.
Lemma 9.6.2. The map Φi is induced by a noncanonical chain map
Φˆi : ECC
Li(M,α′i)→ ECCLi+1(M,α′i+1)
γ ⊗ Γ 7→ γ ⊗ Γ + r(γ ⊗ Γ),
where Fi+1(r(γ ⊗ Γ)) < Fi+1(γ ⊗ Γ).
Proof. The mapΦi is induced by an interpolating cobordism from α
′
i to (a rescaling
of) α′i+1. We degenerate this cobordism into a two-level cobordism so that the top
level interpolates from α′i = fiαi to fi+1αi and the bottom level interpolates from
fi+1αi to α
′
i+1 = fi+1αi+1. Then Φi = Φ
′
i ◦Φ′′i by Theorem 3.1.2, where
Φ′′i : ECH
Li(M,α′i)→ ECHLi(M,fi+1αi),
Φ′i : ECH
Li(M,fi+1αi)→ ECHLi+1(M,α′i+1).
The maps Φ′i and Φ
′′
i are induced by noncanonical chain maps Φˆ
′
i and Φˆ
′′
i . By
Proposition 4.5.5 we can assume that Φˆ′′i is the identity map.
Next we claim that the filtration-nondecreasing part of Φˆ′i only counts trivial
cylinders. Let ([0, 1] ×M,λ′i) be an interpolating cobordism from fi+1αi to α′i+1
and (R×M, λ̂′i) its completion. By Theorem 3.1.2, Φˆ′i is “supported” on the I = 0
holomorphic buildings of (R × M, λ̂′i). We are assuming that λ̂′i is sufficiently
close to λ̂i, where ([0, 1] ×M,λi) is an interpolating cobordism from αi to αi+1
and (R×M, λ̂i) is its completion. Hence, by (MB0), if 〈Φˆ′i(γ ⊗ Γ), γ′ ⊗ Γ′〉 6= 0,
then there is aMorse-Bott building in (R×M, λ̂i) connecting γ⊗Γ to γ′⊗Γ′. Since
the 2-form dλi agrees with a symplectization on a neighborhood of R× (N ∪ V ),
we can repeat the argument of Lemma 9.4.1 to show that Fi(γ ⊗ Γ) ≥ Fi+1(γ′ ⊗
Γ′). Moreover, if Fi(γ ⊗ Γ) = Fi+1(γ′ ⊗ Γ′), then the holomorphic buildings in
(R ×M, λ̂i) cannot cross the no man’s land by Lemma 8.4.6 and Remark 8.4.9.
Therefore they are contained in the part of the cobordism (R ×M, λ̂i) which is
diffeomorphic to a symplectization. This implies the claim. 
Lemma 9.6.3. The chain maps Φˆi : ECC
Li(M,α′i) → ECCLi+1(M,α′i+1) in-
duce chain maps Er(Fi)→ Er(Fi+1). The direct limits
Er(F) = lim
i→∞
Er(Fi)
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form a spectral sequence converging to ECH(M). The page E0(F) can be iden-
tified, as a vector space, with ECC(V, α) ⊗ ECC(N,α) and the differential ∂0
on E0(F) is described by Equation (9.5.1).
Proof. By Lemma 9.6.2 the continuation maps Φˆi are morphisms of chain com-
plexes. Since the construction of the spectral sequence associated to a filtered
complex is functorial (see [W, Proposition 5.9.2]), the maps Φˆi induce a morphism
of spectral sequences
Er(Fi)→ Er(Fi+1).
We define Er(F) = lim
i→∞
Er(Fi). Since direct limit is an exact functor from the
category of directed systems of abelian groups to the category of abelian groups
(see for example [W, Theorem 2.6.15]), the limits Er(F) still form a spectral
sequence.
We claim now that E∞(F) = lim
i→∞
E∞(Fi). First we recall the definition of the
E∞ term of a spectral sequence: on E1 there is a sequence of subgroups
{0} = B1 ⊂ B2 . . . ⊂ Br ⊂ . . . ⊂ Zr ⊂ . . . ⊂ Z2 ⊂ Z1 = E1
such that Er ≃ Zr/Br; then we define
Z∞ =
⋂
r≥1
Zr, B∞ =
⋃
r≥1
Br and E∞ = Z∞/B∞.
By going through the construction of the spectral sequence, one can see that
Br(F) = lim
i→∞
Br(Fi) and Zr(F) = lim
i→∞
Zr(Fi)
because the direct limit is an exact functor. (The description of Br and Zr given in
[W, Exercise 5.9.1] can be useful to prove this.)
Then, in order to prove the claim, it is enough to prove that
lim
i→∞
⋃
r≥1
Br(Fi)
 = ⋃
r≥1
(
lim
i→∞
Br(Fi)
)
(9.6.1)
lim
i→∞
⋂
r≥1
Zr(Fi)
 = ⋂
r≥1
(
lim
i→∞
Zr(Fi)
)
.(9.6.2)
Equation (9.6.1) is not problematic because direct limits commute with countable
unions. In fact countable unions can themselves be seen as direct limits, and direct
limits commute as a consequence of their universal property ([La, Exercise 20]).
On the other hand, in general, direct limits do not commute with infinite intersec-
tions, so we need more work to prove Equation (9.6.2).
The spectral sequence of a filtered complex has a grading coming from the
filtration: we can decompose Er(Fi) =
⊕
Erp(Fi), Br(Fi) =
⊕
Brp(Fi) and
Zr(Fi) =
⊕
Zrp(Fi). Since Fpi = 0 if p < 0, it follows from the construction
of the spectral sequence that Z∞p (Fi) = Zrp(Fi) provided that r ≥ p. (Again
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[W, Exercise 5.9.1] can be useful here). Taking the direct limit, we obtain that
lim
i→∞
E∞p (Fi) = E∞p (F) and this proves the claim.
The filtrations Fi induce filtrations on ECHLi(M,α′i); taking direct limits
we obtain a filtration on ECH(M) whose the graded group is the limit of the
graded groups of the filtrations on ECHLi(M,α′i) (again because direct limit
is an exact functor). Since the filtrations Fi are bounded below and exhaustive,
the classical convergence theorem [W, Theorem 5.5.5] implies that Er(Fi) con-
verges to ECHLi(M,α′i) (i.e. E
∞(Fi) is isomorphic to the graded group of
ECHLi(M,α′i)). Taking a direct limit, we then conclude by thatE
r(F) converges
to ECH(M). 
Here the notation Er(F) does not mean that the spectral sequence comes from
some filtration F , but only remembers the fact that it is the direct limit of the
spectral sequences induced by the filtrations Fi — in fact Er(F) is a spectral
sequence of a filtration because a direct limit of filtered complexes is a filtered
complex; however the limit complex defining Er(F) is too abstract to be useful.
This notation will be useful in the next section, when we will introduce another
spectral sequence.
We now rewrite the differential ∂0 in a way which highlights the roles played by
the orbits h and h′; this will be used extensively in the following subsections. By
factoring out the terms h′ and h, we can write the differentials ∂V and ∂N as:
(9.6.3)
{
∂V γ = ∂
♭
V γ
∂V (h
′γ) = h′∂♭V γ + ∂
′
V (h
′γ)
{
∂NΓ = ∂
♭
NΓ + h∂
′
NΓ
∂N (hΓ) = h∂
♭
NΓ
where γ ∈ ECC♭(V, αV ), Γ ∈ ECC♭(N,α), ∂♭V and ∂♭N are the differentials for
the chain complexes ECC♭(V, αV ) and ECC
♭(N,α), and the terms ∂′V (h
′γ) and
∂′NΓ do not contain h
′.
9.7. The map σ∗. In this subsection we define an explicit map
σ∗ : ECH(N, ∂N,α)→ ECH(M)
and in the next one we will prove that it is an isomorphism. It will be easy to
see that σ∗ preserves the decomposition by (relative) homology classes; namely, if
̟ : H1(N, ∂N) → H1(M) is the isomorphism described in the introduction, σ∗
maps ECH(N, ∂N,A) to ECH(M,̟(A)) for every A ∈ H1(N, ∂N).
We introduce the following notation, which will be used in this and in the follow-
ing sections. Given a set of Reeb orbits e1, . . . , en, h1, . . . , hm, where e1, . . . , en
are elliptic and h1, . . . , hm are hyperbolic, we denote
R[e1, . . . , en, h1, . . . , hm] := F[e1, . . . , en, h1, . . . , hm]/(h21, . . . , h2m);
i.e., in R[e1, . . . , en, h1, . . . , hm] the elliptic orbits are free variables and the hy-
perbolic orbits are nilpotent variables of order two. Whenever we use the notation
R[e1, . . . , en, h1, . . . , hm] in this paper, we will assume {e1, . . . , en} ⊆ {e, e′}
and {h1, . . . , hm} ⊆ {h, h′}.
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Define ECC♮(N,α) as R[h′]⊗ ECC♭(N,α) with differential
∂♮(γ ⊗ Γ) = γ ⊗ ∂♭Γ + γ/h′ ⊗ (1 + e)Γ.
Lemma 9.7.1. ECH♮(N,α) ≃ ECH(N, ∂N,α).
Proof. ECC♮(N,α) can be identified with the cone of the multiplication map ·(1+
e) on ECC♭(N,α). Hence there is an exact triangle
(9.7.1) ECC♭(N,α)
·(1+e)
// ECC♭(N,α).
ww♥♥♥
♥♥
♥♥
♥♥
♥♥
♥
ECC♮(N,α)
ggPPPPPPPPPPPP
The map ·(1 + e) is injective on homology since Γ and eΓ belong to different sin-
gular homology classes for all Γ ∈ ECC♭(N,α). Then the exact triangle implies
that
ECH♮(N,α) ≃ ECH
♭(N,α)
(1 + e)ECH♭(N,α)
≃ ECH(N, ∂N,α).

We denote by ECC♮,L≤k (N,α) the subcomplex of ECC
♮(N,α) generated by
orbit sets γ⊗Γwhich have linking number less than or equal to k withK and action
less than L. We fix an increasing sequence L′k → +∞ and let c = supkAα′k(e′).
Then for every k we choose ik so that Lik ≥ kL′k + ck2.
In the following, we will rename Lik = Lk, α
′
ik
= α′k and Fik = Fk. Also, the
composition Φˆik+1−1 ◦ . . . ◦ Φˆik will be renamed as
Φˆk : ECC
Lk(M,α′k)→ ECCLk+1(M,α′k+1).
For any integer k we define
σk : ECC
♮,L′k
≤k (N,α)→ ECCLk(M,α′k)
γ ⊗ Γ 7→
∞∑
i=0
(e′)iγ ⊗ (∂′N )iΓ,
where ∂′N is defined by Equation (9.6.3) and γ = 1 or h
′.
These maps are well-defined because the map ∂′N is nilpotent. In fact, ∂
′
N de-
creases the linking number with the binding, so (∂′N )
k+1 = 0 on ECC♭≤k(N,α).
Remark 9.7.2. This, and the analogous construction in Section 9.9, are the only
places where we use the hypothesis that the Reeb flow be transverse to a fixed
Seifert surface forK . In fact, while we could deduce the nilpotency of ∂′N from an
action argument, by choosing to work with the action we would lose the estimate
on the nilpotency order of ∂′N and, consequently, on the action of σk(γ ⊗ Γ).
However, in view of the heuristic argument described in Section 9.1, we suspect
that this hypothesis is actually not necessary.
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Lemma 9.7.3. The maps σk are chain maps and form a directed system, i.e., the
following diagram commutes:
(9.7.2) ECC
♮,L′k
≤k (N,α)
σk //
ιk

ECCLk(M,α′k)
Φˆk

ECC
♮,L′k+1
≤k+1 (N,α)
σk+1 // ECCLk+1(M,α′k+1).
Here ιk is the inclusion.
Proof. (1) We first show that σk is a chain map. Since σk takes values in the lowest
level for the filtration Fk (recall γ = 1 or h′), we have ∂(σk(Γ)) = ∂0(σk(Γ)),
where ∂0 is given by Equation (9.5.1). Using the decomposition of ∂N in Equa-
tion (9.6.3) and ∂V ((e
′)iγ) = (e′)iγ/h′ for γ = 1, h′, we obtain:
∂0(σk(γ ⊗ Γ)) = ∂0
(
∞∑
i=0
(e′)iγ ⊗ (∂′N )iΓ
)
=
∞∑
i=0
(e′)iγ/h′ ⊗ (∂′N )iΓ +
∞∑
i=0
(e′)iγ ⊗
(
∂♭N (∂
′
N )
iΓ + h(∂′N )
i+1Γ
)
+
∞∑
i=1
(e′)i−1γ ⊗ h(∂′N )iΓ +
∞∑
i=0
(e′)iγ/h′ ⊗ e(∂′N )iΓ.
Rearranging the sum and using the fact that ∂′N commutes with ∂
♭
N and with the
multiplication by (1 + e) gives:
∂0(σk(γ ⊗ Γ)) =
∞∑
i=0
(
(e′)iγ ⊗ (∂′N )i∂♭NΓ + (e′)iγ/h′ ⊗ (∂′N )i((1 + e)Γ)
)
.
Hence ∂(σk(γ ⊗ Γ)) = ∂0(σk(γ ⊗ Γ)) = σk(∂♮(γ ⊗ Γ)).
(2) Diagram (9.7.2) commutes because we have shown in Lemma 9.6.2 that the
continuation maps are induced by the identity at the chain level on the lowest fil-
tration level. 
Taking homology first and then direct limits in Diagram (9.7.2), we obtain a map
σ∗ : ECH(N, ∂N,α) ≃ ECH♮(N,α)→ ECH(M).
The maps σk also induce maps
σ0 : ECC♮(N,α)→ E0(F),
γ ⊗ Γ 7→
∞∑
i=0
(e′)iγ ⊗ (∂′N )iΓ
and
σr : ECH(N, ∂N) ≃ ECH♮(N,α)→ Er(F), r > 0.
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9.8. Computation of E1(F). In this subsection we compute the term E1(F) of
the spectral sequence that converges to ECH(M) and prove the first half of The-
orem 1.1.1.
Recall from Lemma 9.6.3 that E0(F) ≃ ECC(V, α)⊗ECC(N,α) as a vector
space and the differential ∂0 is given by Equations (9.5.1) and (9.6.3). If we write
Ck,k′ = (h
′)k
′
ECC♭(V, α) ⊗ hkECC♭(N,α),
then
E0(F) ≃ ECC(V, α)⊗ ECC(N,α) = C0,0 ⊕ C0,1 ⊕ C1,0 ⊕C1,1.
We can organize all components of the differential ∂0 besides ∂
♭
V ⊗1 and 1⊗∂♭N
in the following diagram:
(9.8.1) C0,1
1⊗h∂′N+·/e
′⊗h
//
∂′V ⊗1+·/h
′⊗e

C1,1
∂′V ⊗1+·/h
′⊗e

C0,0
1⊗h∂′N+·/e
′⊗h
// C1,0
9.8.1. The filtration G. We introduce a filtration G of length 3 on
(E0(F), ∂0) = (ECC(V, α)⊗ ECC(N,α), ∂0),
which is defined as follows:
G0 = C1,0, G1 = C0,0 ⊕ C1,1, G2 = C0,1.
This filtration induces a spectral sequence Er(G) which converges to E1(F). The
groupsEr(G) have two gradings: one inherited from the grading onE0(F) (which,
in turn, is induced by the filtrations Fi) and one induced by the filtration G. We will
denote the homogeneous components of Er(G) by Erpq(G), where p is the degree
inherited from E0(F) and q is the degree induced by G. We also write Erp(G), in
which case p is the degree inherited from E0(F).
9.8.2. Determination of (E1(G), ∂01). The graded complex associated to G is
(E0(G), ∂00) ≃ (R[h′, h]⊗ECC♭(V, α)⊗ECC♭(N,α), 1⊗∂♭V ⊗1+1⊗1⊗∂♭N ).
Then (E0(G), ∂00) is a product complex and its homology can be computed by the
Ku¨nneth formula:
E1(G) = R[h′, h]⊗ ECH♭(V, α) ⊗ ECH♭(N,α).
Taking into account the grading inherited from E0(F) and the computation of
ECH♭(V, α) from Theorem 8.1.2 (4), we obtain
E1p(G) ≃
{ R[e′, h′, h]⊗ ECH♭(N,α) when p = 0,
0 when p > 0.
Then E1p(F) = 0 for p > 0 and standard properties of spectral sequences immedi-
ately imply the following lemma.
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Lemma 9.8.1. There is an isomorphism E10(F) ≃ ECH(M) which is induced by
the direct limit of the inclusion maps E00(Fi) →֒ ECCLi(M,α′i).
The differential ∂01 on E
1(G) is induced by the components of ∂0 between
consecutive filtration levels. By Proposition 8.4.5 and Lemma 8.4.8, the only J-
holomorphic map in R × V with an end at h′ is a disk in the foliation Z1, which
has ECH index I = 1. Therefore ∂′V (h
′(e′)i) = (e′)i. Then the differential ∂01 on
E10,•(G) is described by the following commutative diagram:
(9.8.2) h′R[e′]⊗ ECH♭(N,α) 1⊗h∂
′
N+·/e
′⊗h
//
·/h′⊗(1+e)

h′R[e′]⊗ hECH♭(N,α)
·/h′⊗(1+e)

R[e′]⊗ECH♭(N,α) 1⊗h∂
′
N+·/e
′⊗h
// R[e′]⊗ hECH♭(N,α).
9.8.3. Homological algebra lemma. The following elementary lemma in homo-
logical algebra will be used in the proof of Theorem 9.8.3.
Lemma 9.8.2. Let A be an abelian group and f, g : A → A commuting mor-
phisms. Consider the chain complex
C• =
(
0 −→ C2 ∂2−→ C1 ∂1−→ C0 −→ 0
)
=
(
0 −→ A (
f
g)−→ A2 (g,−f)−−−−→ A −→ 0
)
.
If f has a right inverse s : A→ A (i.e., f ◦ s = id) such that g ◦ s = s ◦ g, then
H2(C•) ≃ ker f ∩ ker g, H1(C•) ≃ ker f/g(ker f), H0(C•) = 0.
Proof. H2(C•) ≃ ker f ∩ ker g is immediate and H0(C•) = 0 follows from the
surjectivity of f .
Next consider H1(C•). By definition, ker ∂1 = {(x, y) ∈ A2 | g(x) = f(y)}
and Im(∂2) = {(f(z), g(z)) ∈ A2 | z ∈ A}. If we define the map
φ : A→ A2, x 7→ (x, g ◦ s(x)) = (f ◦ s(x), g ◦ s(x)),
then we can write Im(∂2) = Im(φ)⊕ g(ker f) and ker(∂1) = Im(φ)⊕ ker f . The
details are left to the reader. HenceH1(C•) ≃ ker f/g(ker f). 
9.8.4. Completion of proof of Theorem 1.1.1(1). We use a comparison theorem for
spectral sequences (e.g., [E, Exercise A3.41]) to prove Theorem 9.8.3, establishing
Theorem 1.1.1(1).
Theorem 9.8.3. The map σ∗ : ECH(N, ∂N,α)→ ECH(M) is an isomorphism.
Proof. Since σk takes values in the lowest level of the filtration Fk, σ∗ factors
through the map
σ1 : ECH(N, ∂N,α) ≃ ECH♮(N,α)→ E10(F).
By Lemma 9.8.1 it suffices to show that σ1 is an isomorphism.
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Recall the filtration G onE0(F) from Section 9.8.1. OnECC♮(N,α) we define
an analogous filtration G♮ such that
G♮(γ ⊗ Γ) =
{
2 if γ = h′, and
1 if γ = ∅.
This filtration induces a spectral sequenceEr(G♮) such thatE1q (G♮) ≃ ECH♭(N,α)
for q = 1, 2 and d1 is the multiplication by (1 + e). This is simply a reformulation
of Exact Triangle (9.7.1) in the language of spectral sequences. The map σ0 is
compatible with the filtrations G♮ and G and induces a map
σ : E1(G♮)→ E1(G).
We now compute the homology of (E1(G), ∂01) using Lemma 9.8.2. We set
A = R[e′]⊗ ECH♭(N,α), f = 1⊗ ∂′N + ·/e′ ⊗ 1, and g = 1⊗ (1 + e),
where fg = gf by Diagram (9.8.2). Define the map
s : R[e′]⊗ ECH♭(N,α)→R[e′]⊗ ECH♭(N,α),
(e′)k ⊗ Γ 7→ (e′)k
∞∑
i=1
(e′)i ⊗ (∂′N )i−1Γ,
where Γ denotes an element of ECH♭(N,α) and not an orbit set as usual. Then
s is well-defined since ∂′N is nilpotent. Moreover fs = id and gs = sg. Then
E200(G) = E202(G) = 0 because the map g is injective. Next consider E201(G) =
ker f/g(ker f). An element of ker f has the form
(e′)n ⊗ Γn + (e′)n−1 ⊗ Γn−1 + · · ·+ 1⊗ Γ0,
where Γi ∈ ECH♭(N,α) and Γi+1 = ∂′NΓi, i = 0, 1, . . . . Hence the map
σ : ECH♭(N,α)→R[e′]⊗ ECH♭(N,α),
Γ 7→
∞∑
i=0
(e′)i ⊗ (∂′N )iΓ,
is an isomorphism with ker f . The diagram
ECH♭(N,α)
σ //
·(1+e)

ker f
·(1+e)=g

ECH♭(N,α)
σ // ker f
commutes because ∂′N (eΓ) = e∂
′
N (Γ) for all Γ ∈ ECH♭(N,α) by the Trapping
Lemma. Hence σ induces an isomorphism
E2(G♮) ≃ ECH♭(N,α)/(Γ + eΓ) ∼→ E2(G) ≃ ker f/g(ker f).
By the comparison theorem for spectral sequences, σ1 is an isomorphism. This
completes the proof of Theorem 9.8.3. 
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9.9. The U -map. In this subsection we prove that σ∗ intertwines the map U on
ECH(M) with the map induced by ∂′N on ECH(N, ∂N,α). This will allow us
to deduce Theorem 1.1.1(2) from algebraic considerations. Let Lk and L
′
k be as in
Section 9.7.
We define the map
U ♮ : ECC♮(N,α)→ ECC♮(N,α),
γ ⊗ Γ 7→ γ ⊗ ∂′NΓ.
Since U ♮(ECC
♮,L′k
≤k (N,α)) ⊆ ECC
♮,L′k
≤k (N,α), we can define
U ♮k : ECC
♮,L′k
≤k (N,α)→ ECC
♮,L′k
≤k (N,α)
as the restriction of U ♮ to ECC
♮,L′k
≤k (N,α).
We also define the chain complex
ÊCC
♮
(N,α) = R[h′]⊗ ECC(N,α)
with differential
∂̂♮(γ ⊗ Γ) = γ ⊗ ∂NΓ + γ/h′ ⊗ (1 + e)Γ.
The following lemma is similar to Lemma 9.7.1 and its proof will be omitted.
Lemma 9.9.1. ÊCH
♮
(N,α) ≃ ÊCH(N, ∂N,α).
The decomposition of the differential ∂N described in Equation (9.6.3) implies
the following lemma.
Lemma 9.9.2. ÊCC
♮
(N,α) is isomorphic to the cone of U ♮. If L′k → ∞ is an
increasing sequence and ÊCC
♮,L′k
≤k (N,α) is the cone of U
♮
k, then
lim
k→∞
ÊCC
♮,L′k
≤k (N,α) ≃ ÊCC
♮
(N,α).
Let z be a generic point in the interior of R × V . We denote by Uk the U -map
on ECCLk(M,α′k) defined with respect to z.
Lemma 9.9.3. The map Uk preserves the filtration Fk for each k. On the lowest
filtration level, generated by orbit sets γ ⊗ Γ such that γ ∈ R[e′, h′], Uk is given
by:
(9.9.1) Uk(γ ⊗ Γ) = γ/e′ ⊗ Γ.
Proof. Fix k. By Lemma 9.4.1, the map Uk preserves the filtration Fk. Moreover,
by Lemma 9.5.1 (see also Corollary 9.5.2), curves which contribute to Uk and do
not decrease the filtration level do not cross R × Ti (for i = 1, 2). This implies
that Uk(γ ⊗ Γ) = Uk(γ) ⊗ Γ when γ ∈ R[e′, h′], and Uk(γ) counts index I = 2
curves in V passing through z. We will use the ECH index and the Fredholm index
to constrain such curves.
Let u be an I = 2 J ′k-holomorphic map in R × V with γ+ = (e′)a+(h′)b+ at
the positive end and γ− = (e
′)a−(h′)b− at the negative end; of course b± ∈ {0, 1}.
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If we denote by De′ and Dh′ the meridian disks of V with boundary on e
′ and h′
respectively, and by Z ∈ H2(V, γ+, γ−) the relative homology class determined
by u, we have Z = (α+ − α−)[De′ ] + (β+ − β−)[Dh′ ].
We compute I(γ+, γ−, Z) using Equation (2.3.2). On e
′ and h′ we consider the
trivialization τ induced by ∂V . The Conley-Zehnder indices are µτ ((e
′)i) = 1
for i = 1, . . . , k and µτ (h
′) = 0 by Definition 4.3.1, because they are on a
slight perturbation of a positive Morse-Bott torus. The relative Chern class is
c1(ξ|[De′ ], τ) = c1(ξ|[Dh′ ], τ) = 1. Putting everything together,
I(γ+, γ−, Z) = 2(a+ − a−) + (b+ − b−).
I(γ+, γ−, Z) = 2 then implies e+− a− = 1 and b+− b− = 0, because b+− b− ∈
{−1, 0, 1}. We call b = b+ = b−.
Negative ends at e′ cannot be contained in R×V by the Trapping Lemma 5.3.2.
(While the Trapping Lemma was proved for orbits on a Morse-Bott torus, it still
holds for e′ which is a slight elliptic perturbation.) Therefore u consists of a cover
of a trivial cylinder over e′ of degree a−, together with a J
′
k-holomorphic map
u : F → R× V with positive asymptotics to e′(h′)b, negative asymptotics to (h′)b
and representing the relative homology class [De′ ]. Since ind(u) = 2, the index
formula (2.2.1) implies that χ(F ) = 1. This leaves only two possibilities: either u
consists of a Fredholm index 2 plane which is positively asymptotic to e′ together
with a trivial cylinder over h′, or it consists of a Fredholm index one cylinder from
e′ to h′ together with a Fredholm index one plane which is positively asymptotic to
h′. The second configuration cannot pass through a generic point z and therefore
has to be discarded. The problem of computing Uk in the lowest filtration level is
thus reduced to the count of J ′k-holomorphic planes in R× V asymptotic to e′ and
passing through a generic point.
If we degenerate the contact forms α′k toward the Morse-Bott contact forms αk
and the almost complex structures J ′k toward the almost complex structures Jk,
the J ′k-holomorphic curves described above converge to very nice Jk-holomorphic
Morse-Bott buildings because the topology of the domain does not allow the cre-
ation of branched covers of trivial cylinders (with nonempty branch locus) con-
nected to Morse trajectories. Then by Theorem 4.4.3(4) the count of I = 2 J ′k-
holomorphic planes on R × V which are positively asymptotic to e′ and pass
through a generic point z is the same as the count of Morse-Bott buildings con-
sisting of a Jk-holomorphic plane on R× V which passes through a generic point
z and is positively asymptotic to an orbit of ∂V , augmented by a Reeb trajectory
from e′ to that orbit.
By Lemma 8.4.8, the principal part of such a Morse-Bott building must be a leaf
of the finite energy foliation Z1. Since there is a unique leaf through any point, this
proves that Uk(γ ⊗ Γ) = γ/e′ ⊗ Γ. 
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Corollary 9.9.4. The following diagram commutes for each k:
(9.9.2) ECC
♮,L′k
≤k (N,α)
σk //
U♮
k

ECCLk(M,α′k)
Uk

ECC
♮,L′k
≤k (N,α)
σk // ECCLk(M,α′k).
Proof. Since σk takes values in the lowest level of the filtration Fk, we can use
Equation (9.9.1) to compute Uk ◦σk. Then, for γ⊗Γ ∈ ECC♮,L
′
k
≤k (N,α), we have
Uk(σk(γ ⊗ Γ)) = Uk
(
∞∑
i=0
(e′)iγ ⊗ (∂′N )iΓ
)
=
∞∑
i=1
(e′)i−1γ ⊗ (∂′N )iΓ,
σk(U
♮
k(γ ⊗ Γ)) = σk(γ ⊗ ∂′NΓ) =
∞∑
i=0
(e′)iγ ⊗ (∂′N )i+1Γ.
Hence Uk ◦ σk = σk ◦ U ♮k. 
Proof of Theorem 1.1.1(2). By Lemma 9.9.2, Diagram (9.9.2), and the naturality
property of mapping cones, there is a chain map
σ̂k : ÊCH
♮,L′k
≤k (N,α)→ ÊCC
Lk
(M,α′k).
for each k. Taking homology (with the help of Lemma 9.9.1) and direct limits over
k, we obtain a map
σ̂∗ : ÊCH(N, ∂N,α) ≃ ÊCH
♮
(N,α)→ ÊCH(M).
This map fits into the U -map exact sequences by properties of mapping cones:
. . .
U♮ //
σ∗

ECH(N, ∂N) //
σ∗

ÊCH(N, ∂N) //
σ̂∗

ECH(N, ∂N)
σ∗

U♮ // . . .
σ∗
. . .
U // ECH(M) // ÊCH(M) // ECH(M)
U // . . .
The five lemma then implies that σ̂∗ is an isomorphism. Moreover σ̂∗ preserves the
decompositions of ÊCH(N, ∂N,α) and ÊCH(M) according to (relative) homol-
ogy classes. 
Remark 9.9.5. Embedded contact homology can be defined over the integers by
choosing a coherent orientation system for the moduli spaces. For its definition or
construction we refer to [BM] and [HT2, Section 9]. Different choices of coherent
orientation systems yield isomorphic chain complexes.
All results of this article carry over with integer coefficients, and with the same
proofs, if there is a coherent orientation system such that:
• the holomorphic plane with positive asymptotics at h′ and the holomorphic
plane with positive asymptotics at e′ and passing through a generic point
count positively;
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• the holomorphic cylinders from e′ to h and from h′ to e count positively;
and
• the holomorphic cylinders from e′ to h′ and from h to e have opposite
signs, so that they cancel each other in the differentials.
The first two items can be easily obtained by automorphisms of the complexes ad-
justing the signs of the generators e′, h′, e, h, and the third item follows from the
identification of orientations of moduli spaces of Morse trajectories with orienta-
tions of the corresponding moduli spaces of holomorphic maps, as sketched in the
first paragraph of the proof of [Bo2, Lemma7.6].
10. APPLICATIONS TO SUTURED ECH
In this section we apply Theorem 1.1.1 to sutured ECH.
10.1. Sutured ECH. In this subsection we briefly review sutured ECH, referring
the reader to the paper [CGHH] for more details.
A sutured manifold is a pair (M,Γ), where M is a 3-manifold with bound-
ary and corners, Γ ⊂ ∂M is a possibly disconnected 1-manifold,15 N(Γ) is an
annular neighborhood of Γ, and ∂M admits the following decomposition into two-
dimensional strata
∂M = R+(Γ) ∪R−(Γ) ∪N(Γ)
as in [CGHH, Definition 2.7]. Note that our definition does not allow for “torus
sutures” as in Gabai’s original definition [Ga, Definition 2.6].
A sutured contact form α on (M,Γ)16 (cf. [CGHH, Definition 2.8]) is, roughly
speaking, a contact form α on M whose Reeb vector field Rα is positively trans-
verse to R+(Γ), negatively transverse to R−(Γ), and tangent to N(Γ), and such
that the trajectories of Rα|N(Γ) are arcs from ∂R−(Γ) to ∂R+(Γ). One can easily
verify that (M,Γ) admits a sutured contact form if and only if it is balanced, i.e.,
χ(R+(Γ)) = χ(R−(Γ)). A sutured contact manifold (M,Γ, α) admits a comple-
tion (M∗, α∗); see [CGHH, Section 2.4].
Let (M,Γ, α) be a sutured contact manifold. We now describe the sutured ECH
group ECH(M,Γ, α, J). Its chain group ECC(M,Γ, α, J)17 is generated by
orbit sets constructed from simple Reeb orbits in int(M) and the differential counts
ECH index one J-holomorphic maps in the symplectization of (M∗, α∗) for an
almost complex structure J which is adapted to the symplectization and satisfies
Properties (A0)–(A2) from [CGHH, Section 3.1]. Almost complex structures of
this type are said to be tailored to (M,Γ, α).
Completions are not necessary in dimension three by the following lemma:
Lemma 10.1.1. Let J be tailored to (M,Γ, α). Then all J-holomorphic curves in
(M∗, α∗) which are asymptotic to closed Reeb orbits in int(M) are contained in
R× int(M).
15In this section Γ will denote a suture, not an orbit set.
16We use α to denote an unspecified sutured contact form because α is reserved, in Section 9, to
the contact form on N . Such contact form will appear again later in this section.
17We will often write ECC(M,Γ, α) and ECH(M,Γ, α) for simplicity.
EMBEDDED CONTACT HOMOLOGY AND OPEN BOOK DECOMPOSITIONS 75
Proof. This follows from the proofs of [CGHH, Lemma 5.6] and [CGHH, Corol-
lary 5.7], and relies on the fact that R+(Γ) and R−(Γ) automatically admit Stein
structures. 
We finish this review of sutured ECH by recalling a useful result from [CGHH]
and sketching a simpler proof in dimension three.
Definition 10.1.2 ([CGHH, Section 9]). Let (M,Γ, α) be a sutured contact mani-
fold. An interval-fibered extension is a contact embedding
(M,Γ, α) →֒ (M ′,Γ′, α′)
such thatM ′ − int(M) = W × [0, 1], where:
• W is a cobordism from Γ′ to Γ, and
• α′|W×[0,1] = cdt+ β for a Liouville form β onW and c > 0.
Lemma 10.1.3 ([CGHH, Theorem 9.1]). Let (M,Γ, α) →֒ (M ′,Γ′, α′) be an
interval-fibered extension. Then there is a canonical isomorphism of chain com-
plexes between ECC(M,Γ, α) and ECC(M ′,Γ′, α′).
Proof. All closed Reeb orbits inM ′ are contained inM because all Reeb trajecto-
ries inM ′−int(M) go from R−(Γ′) toR+(Γ′). Moreover, J-holomorphic curves
in R ×M ′ between orbit sets in int(M) are contained in R ×M . In fact, if a J-
holomorphic curve nontrivially intersects R× (M ′ −M) = R×W × [0, 1], then
its projection to W is surjective by the positivity of intersections with the Reeb
vector field. This implies that the curve touches R× ∂M ′, which is impossible by
Lemma 10.1.1. 
10.2. Topological invariance of sutured ECH. In this subsection we pay off a
debt from [CGHH], namely we sketch a proof that sutured ECH depends only
on the sutured manifold and the contact structure. A more detailed proof can be
found in [KS]. In view of [CGHH, Conjecture 1.5], we expect sutured ECH to be
independent also of the contact structure.
Lemma 10.2.1. Let (M,Γ, α) be a sutured contact manifold such that Γ is con-
nected. Then for every L ≫ 0 we can embed (M,Γ, α) into a closed contact
manifold (M˜, α˜L) such that
ECHL
′
(M,Γ, α) ≃ ECHL′(M˜, α˜L)
for every L′ ≤ L. Moreover M˜ , up to diffeomorphism, depends only on (M,Γ)
and if α0 and α1 define isotopic contact structures on (M,Γ), then α˜
L
0 and α˜
L
1
define isotopic contact structures on M˜ .
Proof. Since (M,Γ) is balanced and Γ is connected, R+(Γ) and R−(Γ) have the
same genus and are diffeomorphic. We identify ∂R+(Γ) and ∂R−(Γ) by a diffeo-
morphism ∂h0 : ∂R+(Γ)
∼→ ∂R−(Γ), which is defined by the Reeb flow onN(Γ),
and fix a diffeomorphism h0 : R+(Γ)
∼→ R−(Γ) which extends ∂h0. Let us write
β+ = α|R+(Γ) and β− = α|R−(Γ). Then the contact form α, on a neighborhood
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R+(Γ)× [1−ǫ, 1] orR−(Γ)× [−1,−1+ǫ] ofR±(Γ) = R±(Γ)×{±1}with coor-
dinates (x, t), has the form cdt+β± for some c > 0 (see [CGHH, Definition 2.8]).
Here ǫ > 0 is small.
By Moser’s theorem and Lemma 9.3.2, there is a diffeomorphism h : R+(Γ)
∼→
R−(Γ) isotopic to h0 relative to ∂h0, such that h
∗β− − β+ = df for some function
f : R+(Γ)→ R which is constant near ∂R+(Γ).
Let us write R = R+(Γ). By repeating the proof of Lemma 9.3.3, we construct
a contact form ftdt + βt on R × [1, 2] such that ft > 0, ftdt + βt = cdt + β+
on R × [1, 1 + ǫ], and ftdt + βt = cdt + h∗β− on R × [2 − ǫ, 2]. Pick a bump
function ϕ : [1, 2] → [1, 2] and consider the contact forms (ft + CLϕ(t))dt + βt
on R× [1, 2] for some large positive constant CL to be determined later.
We obtain the manifold M ′ by gluing R × {1} to R+(Γ) by the identity and
R × {2} to R−(Γ) by h . The contact forms α on M and (ft + CLϕ(t))dt + βt
on R × [1, 2] match near the gluing region, so they define a contact form on M ′.
Finally we obtain M˜ by gluing a solid torus V to M ′ along the boundary, so that
a meridian of the solid torus is identified with a Reeb orbit on ∂M ′. The contact
form onM ′ can be extended to a contact form α˜L on M˜ by taking the contact form
on V as in Example 6.2.4.
By taking CL sufficiently large, we ensure that Reeb trajectories from R+(Γ) to
R−(Γ) and closed Reeb orbits in V have action larger than L; for Reeb orbits in V
this is a simpler application of the arguments in the proof of Lemma 7.2.3. Hence
ECCL
′
(M,Γ, α) = ECCL
′
(M˜ , α˜L) as abelian groups if L′ ≤ L. Any tailored
almost complex structure J on R × M can be extended to an almost complex
structure J on R× M˜ which is adapted to the symplectization of α˜L.
Next we claim that a J-holomorphic map u : F → R× M˜ which is asymptotic
to orbit sets inM has image in R×M . These orbit sets have trivial linking number
with the core of V , so Im(u) ⊂ R ×M ′ by the Blocking Lemma. On the other
hand, Im(u)∩(R×R× [1, 2]) = ∅: Observe that R±(Γ) can be lifted to an family
vs, s ∈ R, of J-holomorphic maps in R ×M ′ which foliate R × R±(Γ). By the
positivity of intersections, if u intersects some vs, then it intersects all vs. However
Im(uM ′)∩R±(Γ) is compact and u cannot intersect vs for s≫ 0, a contradiction.
Hence Im(u) ⊂ R×M .
The remaining claims in the statement are straightforward. 
Theorem 10.2.2. Let α1 and α2 be sutured contact forms on a sutured three-
manifold (M,Γ) and let J1 and J2 be almost complex structures on R ×M such
that Ji is tailored to (M,Γ, αi) for i = 1, 2. If ξ1 = kerα1 and ξ2 = kerα2 are
isotopic through contact structures adapted to the sutures, then
ECH(M,Γ, α1, J1) ≃ ECH(M,Γ, α2, J2).
Moreover this isomorphism preserves the decomposition of the sutured ECH groups
as direct sums of subgroups indexed by homology classes inH1(M).
Proof. We may assume that Γ is connected, since otherwise we can make Γ con-
nected by gluing an interval-fibered extension, which does not change the su-
tured ECH groups by Lemma 10.1.3. We extend (M,Γ, αi) to (M˜ , α˜
L
i ) as in
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Lemma 10.2.1 and follow the proof of Theorem 7.2.1 step-by-step. The state-
ment about the decomposition according homology classes follows from the fact
that the isomorphism is supported on holomorphic buildings contained in R ×M
in the sense of Theorem 3.1.2(i). 
10.3. Applications. If M is a closed 3-manifold and B ⊂ M is an embedded
open 3-ball, we define the sutured manifold
M(1) = (M −B,Γ0),
where Γ0 is a connected simple closed curve in ∂(M − B). If K ⊂ M is a knot
and N(K) is an open tubular neighborhood of K , we define the sutured manifold
M(K) = (M −N(K),ΓK),
where ΓK consists of two disjoint copies of a meridian of K . When considering
M(1), we will assume thatK\B is connected and goes fromR−(Γ) toR+(Γ). If α
is a contact form onM−B orM−N(K) satisfying the conditions in [CGHH, Def-
inition 2.8], then the sutured ECH groups ECH(M(1), α) and ECH(M(K), α)
are defined.
Theorem 10.3.1. ÊCH(M) ≃ ECH(M(1), α).
This theorem concludes the proof of [CGHH, Theorem 1.6].
Proof. Let ξ be a contact structure onM extending ξ = kerα such thatK ⊂M is
a ξ-transverse knot. Recall the decomposition
M = N ∪ (T 2 × [1, 2]) ∪ V
from previous sections, where we take N0(K) = (T
2 × [1, 2]) ∪ V to be a neigh-
borhood of K .
There exists a sequence of contact forms α′i, i = 0, 1, . . . , for ξ (up to isotopy)
and associated Reeb vector fields R′i, satisfying Properties (1)–(8) of Section 9.2.
Figure 5 depictsR′i onN0(K) ≃ D2(2)×S1 with cylindrical coordinates (ρ, φ, θ),
where D2(ρ0) = {ρ ≤ ρ0} and V ≃ D2(1) × S1. The Reeb vector field R′i is
∂φ-invariant and of the form R
′
i = Y + hi(ρ)∂φ, where Y is tangent to the slices
{φ = const} as given in Figure 5 and hi(ρ) > 0 for ρ > 0.
Choose almost complex structures J ′i adapted to α
′
i as in Section 9.2 so that J
′
i
is ∂φ-invariant on N0(K) and is close to the almost complex structure J0 from
Proposition 8.4.4 on V .
We describe a concave ball B in M whose complement isM(1); see Figure 6.
Let D be a meridian disk in V which bounds e′ and is the projection to V of an
I = 2 J ′i-holomorphic plane u asymptotic to e
′ at the positive end. The plane
u corresponds to a leaf of the finite energy foliation Z0 of R × V from Proposi-
tion 8.4.4. LetN(e′) be a neighborhood of e′ whose boundary is tangent toR′i. We
then set B = N(D) ∪N(e′), where N(D) is a small neighborhood of D, chosen
such that ∂B decomposes into three parts:
• two disksR±(Γ0) transverse toR′i that are parallel copies of a small retract
of D; and
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e′
h′
h
e
K
hi(ρ)∂φ
FIGURE 5. The Reeb vector fieldR′i onN0(K) = (T
2× [1, 2])∪
V . The top and the bottom are identified.
B
h′
h
e
FIGURE 6. The concave ball B, obtained by rotating the shaded
region about the vertical axis.
• an annulus N(Γ0) ⊂ ∂N(e′) tangent to Ri.
We assume that the I = 1 J ′i-holomorphic plane asymptotic to h
′ has image in
R × (V − B) and that R±(Γ0) are also chosen to be restrictions of projections to
M of I = 2 J ′i-holomorphic planes asymptotic to e
′. The trajectories of Ri flow
from one boundary component of N(Γ0) to the other.
The manifold (M(1),Γ0, α
′
i) is a sutured contact manifold and, by Theorem 10.2.2,
ECH(M(1),Γ0, α
′
i) is isomorphic to ECH(M(1),Γ0, α). By construction, the
orbit e′ does not belong toM(1) and all the orbits in V are now chords from ∂M(1)
to ∂M(1). The Reeb orbits of R′i that are contained inM(1) are:
(1) all Reeb orbits in N ;
(2) e, h and h′; and
(3) orbits longer than Li in the no man’s land.
By taking direct limits as in Section 9.6, we can discard orbits in the no man’s
land. The use of direct limits in this context is justified by Theorem 10.2.2.
By our choice of J ′i , if u is a holomorphic curve in R ×M between orbit sets
constructed from orbits of type (1) and (2) in M(1), then Im(u) ⊂ R ×M(1).
(The orbits of type (1) and (2) have the lowest Fi-filtration level and we can use
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the Blocking and Trapping Lemmas.) In particular, there are exactly two I = 1
curves that limit to h′ at the positive end, as it is in R×N0(K): one plane from h′
to ∅ and one cylinder from h′ to e. Therefore we obtain an identification
lim
i→∞
(ECCLi(M(1),Γ0, α
′
i), ∂) ≃ (ÊCC
♮
(N,α), ∂̂♮),
which in view of Lemma 9.9.1 and Theorem 1.1.1(2) implies the theorem. 
If the contact form α is chosen carefully, a null-homologous knot K ⊂ M in-
duces a filtration on the chain complex ECC(M(1), α) and the associated graded
group isECC(M(K), α). This construction was described in [CGHH, Section 7.2].
If N = M − N0(K) as above, there is a filtration E on ÊCC(N, ∂N,α) de-
fined as follows: Let P be the set of simple Reeb orbits in int(N). The genera-
tors of ÊCC(N, ∂N,α) are equivalence classes of orbit sets Γ constructed from
P ∪ {h, e}, up to the equivalence relation Γ ∼ eΓ. To the equivalence class of
Γ we can uniquely associate an orbit set Γ′ constructed from P ∪ {h}. Then we
define E(Γ) as the algebraic intersection of Γ′ with a Seifert surface of K . The
differential of ÊCC(N, ∂N,α) preserves E by the Trapping Lemma and it is easy
to identify the graded group of this filtration with ECC♯(N,α).
Theorem 10.3.2. IfK ⊂M is a null-homologous knot, then there is a contact form
α onM for which the isomorphism in Theorem 10.3.1 preserves the filtrations and
induces an isomorphism
ECH(M(K), α) ≃ ECH♯(N,α).
Proof. Let K ⊂ M be a null-homologous knot and Σ a genus-minimizing Seifert
surface for K . Following [CH], we construct a family of contact forms α′i on M
as in the proof of Theorem 10.3.1 on N0(K), with the additional property that the
Reeb vector fields R′i are positively transverse to int(Σ). The construction is done
in two steps: first onN by a direct application of [CH], where we use Σ as the first
decomposing surface of a taut sutured hierarchy of N , and then on N0(K), where
we extend the form by the explicit model already described in Section 9.3.2.
We obtain a concave neighborhood (N(K),ΓK) of K by taking N(K) =
B ∪ Nǫ(K), where Nǫ(K) is a very small neighborhood of K whose boundary
is tangent to R′i, as in Figure 7, and B is the ball constructed in the proof of Theo-
rem 10.3.1.
The suture ΓK corresponds to the core curves of the two annuli in ∂N(K) tan-
gent to R′i. At this point, (M −N(K),ΓK) is not yet a convex sutured manifold,
because ∂N(K) is not convex for the dividing set given by the two curves of ΓK .
In fact, on the component A of ∂N(K) coming fromNǫ(K), kerα
′
i|A is negatively
transverse to the core of A (oriented as the boundary of R+(ΓK)). To correct this,
we glue a collar of the form (A× [a, b], dt+f(y)dx), ∂f∂y < 0, to (M −N(K), α′i)
along A = A × {a}, where A × [a, b] = [0, 1] × S1 × [a, b] has coordinates
(t, x, y). Then the Reeb vector field remains ∂t while the contact plane rotates
until kerα′i|A×{b} is positively transverse to the core of A.
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N(K)
h′
h
e
FIGURE 7. Construction of the concave neighborhood
(N(K),ΓK), obtained by rotating the shaded region about
the vertical axis
The positive transversality of the Reeb vector fields with the Seifert surface Σ
ensures that the isomorphism of Theorem 10.3.1 preserves the filtrations given by
the linking number with K .
Passing from M(1) toM(K) has the effect of killing the “meridian” holomor-
phic disk from h′ which passes through R ×K . After passing to direct limits, we
obtain the desired isomorphism. 
APPENDIX A. SKETCH OF MORSE-BOTT GLUING
In this appendix we sketch a special case of Morse-Bott gluing which is suffi-
cient for Parts (2) and (3) of Theorem 4.4.3.
Differences with [Bo2]. The main difference with [Bo2] is that we use a different
pregluing with a smaller error term.
A.1. Notation. Let TN be a negativeMorse-Bott torus, let [−1, 1]×T 2 = [−1, 1]×
(R2/Z2) be its neighborhood with coordinates (y, (θ, t)) such that TN = {0}×T 2,
and let N be the Morse-Bott family. Also let A = [−1, 1] × R/Z be an annulus
with coordinates (y, θ).
Simplification A.1.1. On [−1, 1] × T 2 we use the stable Hamiltonian structure
consisting of the 1-form α = dt and the 2-form ω = dH ∧ dt + dy ∧ dθ, where
H : A→ R is a function of (y, θ) (and is independent of t). The stable Hamiltonian
vector field RH is then given by
∂
∂t +XH , where iXHdy ∧ dθ = dH . We also take
the almost complex structure JH to map
∂
∂s 7→ RH and ∂∂y 7→ ∂∂θ on R× [−1, 1]×
T 2, where s is the R-coordinate.
The reason for the simplification is twofold.
(1) OnR×[−1, 1]×T 2 we consider highly symmetric almost complex structures
J ′ which are adapted to the given contact form, are invariant in the s-, t-, and θ-
directions, and for which the Morse-Bott moduli spaces that we are interested in
are Morse-Bott regular (i.e., it suffices to perturb the J ′ outside of R×[−1, 1]×T 2,
assuming [−1, 1]×T 2 is a sufficiently small neighborhood). GivenH , we can find
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J ′ and an s-, t-, and θ-equivariant diffeomorphism R × [−1, 1] × T 2 which takes
J ′ to JH . This is reminiscent of [HT2, Lemma 2.1] and uses a reduction of a ∂J ′-
operator to an ODE as in Wendl [We] and Section 8.4.2. Moreover, JH allows
us to find explicit lifts of gradient trajectories of H to JH -holomorphic curves in
R× [−1, 1] × T 2; see Lemma A.1.2.
(2) Working with a stable Hamiltonian structure instead of a contact structure
simplifies the expression of the Cauchy-Riemann operator ∂JH : in fact, in the gen-
eral contact case the Cauchy-Riemann operator has extra zeroth order terms which
are absent in our simplified setting. Although not worked out in the appendix, the
extra terms in the Cauchy-Riemann equation are small, and therefore have no effect
on the gluing estimates.
We take the smooth function H to be
(A.1.1) f(y, θ) = 12y
2 or fǫ(y, θ) =
1
2y
2 + ǫφ(y)gN (θ),
where ǫ > 0 is small and
• gN : R/Z → R is a perfect Morse function with maximum at 14 and
minimum at−14 ; more specifically, we assume that g′N (θ) = 0 on θ = ±14 ;
is linear with positive slope on [−14 ,−15 ]; is nondecreasing on [−15 ,−16 ]; is
equal to 1 on [−16 , 16 ]; and is an odd function about θ = 0;• φ : [−1, 1] → [0, 1] is an even bump function with support on [−a, a] and
is equal to 1 on [−b, b], where a > b > 0 are sufficiently small;
• as ǫ→ 0, fǫ → f in C∞.
TN is a negative Morse-Bott torus with respect to Rf . After perturbing to Rfǫ ,
the Morse-Bott family of orbits becomes a pair e and h of orbits over (0,−14 ) and
(0, 14) in A.
Since JH is invariant in the t-direction, one can reduce the JH -holomorphic
curve equation to an ODE (cf. [We]) and observe that:
Lemma A.1.2. Every gradient trajectory γ of H admits a unique lift to a simply-
covered JH -holomorphic cylinder uγ whose projection to [−1, 1] × T 2 is γ × S1t ,
modulo reparametrizations of the domains of γ and uγ and R-translations of uγ .
Here the subscript t in S1t indicates the t-coordinate.
A.2. Asymptotic operator. Consider B := [−b, b] × [−16 , 16 ] ⊂ A, on which
g′N (θ) = 1. Then ∇fǫ = y∂y + ǫ∂θ on B. This implies that a Jfǫ-holomorphic
map
[s0, s1]× S1 → R× S1t ×B, (s, t) 7→ (s, t, η(s, t))
satisfies a linear equation of the form
∂η
∂s
+ j0
∂η
∂t
−∇fǫ(η) = ∂η
∂s
+ j0
∂η
∂t
−
(
y
ǫ
)
= 0,
or
(Jfǫ)
∂η
∂s
−Aη =
(
0
ǫ
)
, Aη = −j0 ∂η
∂t
+
(
1 0
0 0
)
η,
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where j0 =
(
0 −1
1 0
)
and A is the asymptotic operator (it is the asymptotic op-
erator for the negative end of u+ below that goes to the Morse-Bott family N ).
Similarly, a Jf -holomorphic map (s, t) 7→ (s, t, η(s, t)) with η(s, t) ∈ A satisfies
(Jf )
∂η
∂s
−Aη = 0.
Remark A.2.1. A solution of (Jf ) can be converted to a solution of (Jfǫ) by adding(
0
ǫs
)
.
From now on we will write column vectors as row vectors if there is no confu-
sion. Let
. . . , g−2, g−1, g0 = (0, 1), g1 = (1, 0), g2, . . .
be the eigenfunctions ofA, normalized to have unit L2-norm, let
· · · ≤ λ−2 ≤ λ−1 < λ0 = 0 < λ1 = 1 < λ2 ≤ . . .
be the corresponding eigenvalues. We can then write a solution η(s, t) of (Jf ) as a
Fourier series
η(s, t) =
∞∑
i=−∞
cie
λisgi(t).
A.3. Pregluing. Let u+ : (F˙ , j) → R ×M be a finite energy Jf -holomorphic
map, where (F˙ , j) is a compact Riemann surface with a finite number of punctures
removed. To simplify our notation, we assume that u+ limits to the orbit set γ at
the positive end (γ does not involve any Morse-Bott orbits) and at the negative end
limits to the Morse-Bott orbit o over the point (0, 0) from the positive y-direction.
The map u+ is an element of a transversely cut out moduli space M of maps
u : (F˙ , j′) → R × M which limits to γ at the positive end and to an orbit in
the Morse-Bott family N at the negative end, and has “unconstrained” Fredholm
index 1 (the negative end is unconstrained); cf. Section 8.4.1 for more details. This
in particular means that u+ is isolated modulo R-translation.
Let γ0 be an (upward) gradient trajectory of fǫ from (0,−14 ) to (0, 0).
We would like to glue u+ and uγ0 . Unfortunately, we do not know of a way
to preglue u+ and uγ0 so that the error term is sufficiently small to apply the con-
traction mapping. Instead, let γ1 be the gradient trajectory of Hfǫ from (0,−14 ) to
(b− ǫ′′, 0), where b≫ ǫ′′ > 0. We will preglue u+ and an extension u− = uǫ− of
uγ1 .
We construct the extension u− : R×S1 → R× [−1, 2]× T 2 of uγ1 as follows:
Extend [−1, 1]× T 2 to [−1, 2]× T 2 and extend f to A′ = [−1, 2]×R/Z→ R so
that f has a Morse critical point which is a saddle at (2, 0) and a gradient trajectory
from (b− ǫ′′, 0) to (2, 0). We use the same extension to extend fǫ. We also extend
Jfǫ to R× [−1, 2] × T 2 as in Simplification A.1.1.
Warning A.3.1. We are not assuming that [1, 2] × T 2 ⊂ M . Hence the restriction
uγ1 of u− has image in R×M but u− itself does not. The reason we are extending
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uγ1 to u− is to ensure that the linearized ∂-operator is elliptic. It will be immediate
from the definition of the preglued curve u∗ that this does not create any problems.
Fix u+ and a cylindrical end (−∞, s0] × S1 of F˙ corresponding to the orbit o
on which u+ takes the form u+(s, t) = (s, t, η+(s, t)), η+(s, t) ∈ A. We can write
η+(s, t) =
∞∑
i=1
cie
λisgi(t),
where ci > 0. Let s = −T0 (resp. s = −T1) be the constant such that the g1 term
of η+|s=−T0 (resp. η+|s=−T1) is (a+ ǫ′′, 0) (resp. (b− ǫ′′, 0)); we also assume that
η+|s0≥s≥−T0 ⊂ A ∩ {y > a} and η+|s≤−T1 ⊂ B.
Given ǫ > 0 small, we choose a translate of u− (still called u−) which depends
on ǫ such that:
(*) u−({s = −T1}) = {−T1} × {(b − ǫ′′, 0)} × S1t .
We write u−(s, t) = (s, t, η−(s, t)) for s ≤ −T1. Choose T2 = T2(ǫ) → +∞ as
ǫ→ 0 subject to T1 < T2 and η−|−T2≤s≤−T1 ⊂ B.
Let β : R→ [0, 1] be a nondecreasing function such that β(s) = 0 if s ≤ 0 and
β(s) = 1 if s ≥ 1.
The pregluing u∗ = u
ǫ
∗ is given by
(A.3.1)
u∗(s, t) :=

u+(s, t) on F˙ − (−∞,−T0]× S1
(s, t, η+(s, t) + β(
s+T0
−T1+T0
) · (0, ǫs)) on [−T1,−T0]× S1
(s, t, η−(s, t) + β(s+ T2) ·
∑∞
i>1 cie
λisgi(t)) on (−∞,−T1]× S1.
Observe that η−(s, t)+
∑∞
i>1 cie
λisgi(t) = η+(s, t)+(0, ǫs) on [−T2,−T1]×S1.
RemarkA.3.2. Note that ∂Jfǫu∗ = 0 on F˙−(−∞,−T0]×S1, [−T2+1,−T1]×S1,
and (−∞,−T2]× S1. Also note that T0, T1 are constant, but T2 depends on ǫ.
A.4. Function spaces. We suppose that the ECH and Fredholm indices of u± are
both 1. Let N+ be the Jf -invariant normal bundle to u+ in R ×M and let N−
be the Jfǫ-invariant normal bundle to u− in R × [−1, 2] × T 2; when u±(s, t) ∈
R× [−1, 2] × T 2, we take N± = TA.
We describe the linearized ∂-operators D+ and D− for u+ and u−. Following
Hutchings-Taubes [HT2], let H1(F˙ ,N+) be the Morrey space of sections of N+
over F˙ with one derivative and letH0(F˙ ,Λ0,1N+) be the Morrey space of sections
of Λ0,1N+.
Given δ > 0 sufficiently small, let gδ : F˙ → R+ be a smooth weight function
such that gδ = 1 on F˙ − (−∞,−T0] × S1 and gδ(s, t) = eδ|s| for s ≪ 0. Also
let hδ : R × S1 → R+ be a smooth weight function which agrees with gδ for
s ≤ −T0 and satisfies hδ(s, t) = 1 for s ≥ −T0. For our purposes we take
λ := min(λ1, |λ−1|) > 5δ.
When we use the weight function gδ, we writeH1,gδ(F˙ ,N+) andH0,gδ(F˙ ,Λ0,1N+).
We write ‖ξ‖, ‖ξ‖∗, ‖ξ‖gδ , ‖ξ‖∗,gδ , for the Morrey space norm, the Morrey space
norm with one derivative, and the analogous norms with weight gδ. Observe that
since we are using normal bundles, it is not necessary to use weights except at the
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end which limits to the Morse-Bott orbit. Also let ∂˜θ be the section of N+ which
agrees with ∂θ for s ≤ −2T1 and with 0 for s ≥ −T1.
We view D+ as a map
D+ : H1,gδ(F˙ ,N+)⊕ R〈∂˜θ〉 → H0,gδ(F˙ ,Λ0,1N+),
(ξ, c∂˜θ) 7→ D+(ξ + c∂˜θ),
and D− as a map
D− = D
ǫ
− : H1,hδ(R × S1, N−)→H0,hδ(R× S1,Λ0,1N−).
(The domain of D+ is the tangent space to the Banach manifold
H1,gδ(F˙ ,R×M) := {expu(ξ) | u ∈ C, ξ ∈ H1,gδ(F˙ ,Nu+)},
where C is the space of smooth embeddings u : F˙ → R × M that agree with
holomorphic maps parametrizing trivial holomorphic half-cylinders near each of
the punctures; the positive ends of u and u+ agree and the negative end of u limits
to N ; and Nu+ is the Jf -invariant normal bundle to u.)
At first glance there is no need to use weights for D−; the reason we are using
the weight hδ is so that we can take the limit ofD
ǫ
− as ǫ→ 0 (here we are assuming
that ǫ≪ δ) and uniformly bound the norm of the inverse (Dǫ−)−1 independently of
ǫ. Indeed, one verifies that
Dǫ−ξ =
∂ξ
∂s
+ j0
∂ξ
∂t
− (Hfǫ)ξ,
where Hfǫ is the Hessian of fǫ, and that Hfǫ → Hf as ǫ → 0. As long as the
weight hδ is turned on,D
ǫ
− is elliptic and remains elliptic when ǫ = 0, the kernel is
0-dimensional (verification left to the reader), and the uniform bound on (Dǫ−)
−1
follows.
A.5. Gluing. We view ∂Jfǫu∗ as a section of Λ
0,1N+ by applying parallel trans-
port. By Remark A.3.2, it suffices to bound ‖∂Jfǫu∗‖gδ on [−T2,−T2 + 1] × S1
and on [−T1,−T0]× S1. We can easily estimate
(A.5.1) ‖∂Jfǫu∗‖gδ ≤ C(e(δ−λ)T2(ǫ) + ǫ)
for some constant C > 0. Noting that λ > 5δ, this error is sufficiently small to
apply contraction mapping. We obtain the curve u = uǫ which is Jfǫ-holomorphic
and is close to breaking into u+ and a cylinder over γ0.
The injectivity of the gluing map is automatic for the case at hand since u+ is
an isolated curve modulo R-translation. The regularity of u = uǫ (for generic Jfǫ)
is automatic since we are assuming that Jf is generic outside [−1, 1] × T 2 and u
has a positive end outside [−1, 1] × T 2.
It remains to show the surjectivity of the gluing map:
Theorem A.5.1. There exists κ > 0 such that if ǫ > 0 is sufficiently small and
v = vǫ is a curve that is κ-close to breaking into u+ and a cylinder over γ0, then
u = v.
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Proof. Arguing by contradiction, suppose there are sequences {κi}∞i=1, {ǫi}∞i=1,
and {vǫi}∞i=1, such that κi → 0, ǫi → 0, vǫi : (F˙ , ji) → R × M is ∂Jfǫi -
holomorphic, vǫi is κi-close to breaking into u+ and a cylinder over γ0, and v
ǫi 6=
uǫi . By κi-close to breaking we mean:
(i) on the complement of a (negative) cylindrical end (−∞,−T i]× S1 of F˙ ,
the maps vǫi and u+ (after suitable R-translation) are a distance ≤ κi apart
with respect to a fixed R-invariant Riemannian metric on R×M ;
(ii) on (−∞,−T i]×S1, the maps vǫi and uγ0 (after suitable R-translation) are
a distance ≤ κi apart.
We also assume that vǫi , after the same R-translation used in (i), is κi-close to
uǫi on s ≥ −T ′2(ǫi) for some T ′2(ǫi) → ∞ as ǫi → 0, subject to T ′2(ǫi) > T1.
(Note that it is difficult to guarantee that vǫi is κi-close to u
ǫi on all of its domain,
since “κi-close to breaking into u+ and a cylinder over γ0” is not quite the same as
“κi-close to u
ǫi”.)
The idea of the proof is to start with vǫi − uǫi for ǫi > 0 small and construct
a “nontrivial” element (= not a multiple of an element corresponding to an R-
translation) of kerD+ or kerD− by damping out. These correspond to Cases 1
and 2 below and the existence of a “nontrivial” element is a contradiction.
We first apply an R-translation to vǫi so that the result (which will be called vǫi
from now on) and uǫi are κi-close on s ≥ −T ′2(ǫi). The damping out that is used to
obtain an element of kerD+ occurs on the long neck region [−T ′2(ǫi),−T1]× S1,
on which
(vǫi − uǫi)(s, t) = (s, t, ζǫi(s, t))
satisfies the linear equation ∂ζ
ǫi
∂s −Aζǫi = 0. Let ζǫi− , ζǫi0 , ζǫi+ be the L2-projections
of ζǫi to the negative, null, and positive eigenspaces ofA. We write ζǫi as a Fourier
series
ζǫi(s, t) =
∞∑
j=−∞
dǫij e
λjsgj(t).
ζǫi0 (s, t) is a constant multiple of
(
0
1
)
and we also denote the constant by ζǫi0 . We
also write ζǫi±(s0) to mean ζ
ǫi
± |s=s0 . We now modify vǫi by translating slightly in
the R-direction so that dǫi1 = 0; the result will still be called v
ǫi and we may still
assume that vǫi and uǫi are κi-close, after possibly modifying κi.
We have rough initial estimates ‖ζǫi− (−T ′2(ǫi))‖L2 , ‖ζǫi+ (−T1)‖L2 ≤ cκi, where
c > 0 is independent of ǫi or κi. Using the Fourier expansion one easily verifies
that, for all s ∈ [−T ′2(ǫi),−T1],
‖ζǫi+ (s)‖L2 ≤ ‖ζǫi+ (−T1)‖L2 · eλ(s+T1),(A.5.2)
‖ζǫi− (s)‖L2 ≤ ‖ζǫi− (−T ′2(ǫi))‖L2 · e−λ(s+T
′
2(ǫi)),(A.5.3)
where λ = min(λ1, |λ−1|).
We have two cases to consider:
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Case 1. Suppose that there exist κi, ǫi > 0 sufficiently small such that
(A.5.4) ‖ζǫi0 (−T1) + ζǫi+ (−T1)‖L2 ≥ ‖ζǫi− (−T ′2(ǫi))‖L2 .
By Equation (A.5.3) we have:
(A.5.5)
‖ζǫi− (−T1)‖L2 ≤ ‖ζǫi− (−T ′2(ǫi))‖L2 ·eλ(−T
′
2(ǫi)+T1) ≤ ‖ζǫi0 (−T1)+ζǫi+ (−T1)‖L2 ·eλ(−T
′
2(ǫi)+T1).
Starting with vǫi , we obtain a section ξǫi ∈ H1,gδ(F˙ ,N+)⊕R〈∂˜θ〉 which:
• is equal to vǫi − uǫi (viewed as a section of N+ via the exponential map)
on F˙ − (−∞,−T1]× S1;
• is equal to β(s+T1+1)ζǫi− (s, t)+ζǫi0 (s, t)+ζǫi+(s, t) on (−∞,−T1]×S1;
and
• satisfies ‖D+ξǫi‖gδ ≪ ‖ξǫi‖∗,gδ .
Inverting the error usingD−1+ yields a “nontrivial” (ξ
′)ǫi = ξǫi−D−1+ (D+ξǫi) 6= 0
in kerD+. (Here the image ofD
−1
+ is L
2-orthogonal to kerD+.) The nontriviality
follows from our assumption of dǫi1 = 0.
Case 2. Suppose that there exist κi, ǫi > 0 sufficiently small such that
(A.5.6) ‖ζǫi0 (−T1) + ζǫi+ (−T1)‖L2 ≤ ‖ζǫi− (−T ′2(ǫi))‖L2 .
Let T3(ǫi) < T4(ǫi) be such that u
ǫi |s=−T3(ǫi) ⊂ {−16 ≤ θ ≤ −16 + 2κi} and
uǫi |s=−T4(ǫi) ⊂ {−15 − 2κi ≤ θ ≤ −15}. Using Equation (A.5.3) with −T3(ǫi)
instead of −T ′2(ǫi), we have:
(A.5.7) ‖ζǫi0 (−T1) + ζǫi+ (−T1)‖L2 ≤ eλ(−T3(ǫi)+T
′
2(ǫi)) · ‖ζǫi− (−T3(ǫi))‖L2 .
As in Case 1, we construct a section ηǫi of the normal bundle N− to u− which:
• is equal to vǫi − uǫi (viewed as a section of N− via the exponential map)
on (−∞,−T3(ǫi)]× S1;
• is equal to (1 − β(s + T1 + 1))ζǫi− (s, t) + (1 − β(s + T3(ǫi))(ζǫi0 (s, t) +
ζǫi+ (s, t)) on [−T3(ǫi),−T1]× S1; and
• is zero on [−T1,∞)× S1.
It is more convenient to view ηǫi as a section of the normal bundle Nγ0 to uγ0 . For
this we normalize uγ0 so that uγ0({s = −T1}) = {−T1} × {(0, 0)} × S1t and pull
back the normal bundle to u−|{s≤−T1} to that of uγ0 |{s≤−T1}.
Let iδ = i
ǫ
δ : R → R+ be the weight function eδ|s| translated so that it is
centered at −T3(ǫ) and smoothed. Let
Dγ0 = D
ǫ
γ0 : H1,iδ(R× S1, Nγ0)→H0,iδ(R× S1,Λ0,1Nγ0)
be the linearized ∂-operator for uγ0 and let D
′
γ0 be the same operator without the
weight turned on. Although ηǫi is not necessarily in H1,iδ(R × S1, Nγ0), D′γ0ηǫi
has support on
{−T4(ǫi) ≤ s ≤ −T3(ǫi) + 1} ∪ {−T1 − 1 ≤ s ≤ −T1}.
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One can compute using Equation (A.5.7) and an error estimate between D′γ0 and
the actual ∂Jfǫ -operator that:
‖D′γ0ηǫi‖iδ ≪ ‖ηǫi |−T4(ǫi)≤s≤−T3(ǫi)+1‖∗,iδ .
Hence we can invert D′γ0η
ǫi using D−1γ0 . This yields an element (η
′)ǫi ∈ kerD′γ0
which is C0-close to ηǫi .
Let η˜ǫi be a section of kerD′γ0 which infinitesimally generates the R-translation
of uγ0 . We observe that (η
′)ǫi and η˜ǫi are linearly independent since ‖η˜ǫi(s)‖L2 is
s-nondecreasing for s ≤ −T1 whereas ‖(η′)ǫi(s)‖L2 is not. This contradicts the
fact that kerD′γ0 is 1-dimensional. The proof of Theorem A.5.1 follows. 
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